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Abstract 

We generalize Roe’s index theorem for graded generalized Dirac operators on 
amenable manifolds to multigraded elliptic uniform pseudo differential operators. 

This generalization will follow as a corollary from a local index theorem that is 
valid on any manifold of bounded geometry. This local formula incorporates the 
uniform estimates that are present in the definition of our class of pseudodifferential 
operators which is more general than similar classes defined by other authors. 

We will revisit Spakula’s uniform iv-homology and show that multigraded elliptic 
uniform pseudodifferential operators naturally define classes in it. For this we will 
investigate uniform K -homology more closely, e.g., construct the external product 
and show invariance under weak homotopies. The latter will be used to refine and 
extend Spakula’s results about the rough Baum-Connes assembly map. 

We will identify the dual theory of uniform ii-homology. We will give a simple 
definition of uniform it-theory for all metric spaces and in the case of manifolds of 
bounded geometry we will give an interpretation of it via vector bundles of bounded 
geometry. Using a version of Mayer-Vietoris induction that is adapted to our needs, 
we will prove Poincare duality between uniform it-theory and uniform iF-homology 
for spin c manifolds of bounded geometry. 

We will construct Chern characters from uniform A"-theory to bounded de Rham 
cohomology and from uniform K -homology to uniform de Rham homology. Using 
the adapted Mayer-Vietoris induction we will also show that these Chern characters 
induce isomorphisms modulo torsion. 
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1 Introduction 


Recall the following index theorem of Roe for amenable manifolds (with notation adapted 
to the one used in this article). 

Theorem ( |R,oe88al Theorem 8.2]). Let M be a Riemannian manifold of bounded geom¬ 
etry and D a generalized Dirac operator associated to a graded Dirac bundle S of bounded 
geometry over M. 

Let (Mj), be a F0lner sequenc^for M, r G (£°°)* a linear functional associated to a 
free ultrafilter on N, and 6 the corresponding trace on the uniform Roe algebra of M. 

Then we have 

e ^ D » = T (JmJ m m[d) )- 

Here ind(.D) is the usual integrand for the topological index of D in the Atiyah-Singer 
index formula, so the right hand side is topological in nature. On the left hand side of 
the formula we have the coarse index class /a u (D) G Kq(C*(M)) of D in the K -theory of 
the uniform Roe algebra of M evaluated under the trace 6. This is an analytic expression 
and may be computed as 9(/j, u (D)) = , r^ vol 1 M . f M tr s kf( D )(x, x) dx'j , where kf^D){x,y ) is 

the integral kernel of the smoothing operator f(D), where / is an even Schwartz function 
with /(0) = 1. 

In this article we will generalize this theorem to multigraded, elliptic, symmetric 
uniform pseudodifferential operators. So especially we also encompass Toeplitz operators 
since they are included in the ungraded case. This generalization will follow from a local 
index theorem that will hold on any manifold of bounded geometry, i.e., without an 
amenability assumption on M. 

Let us state our local index theorem in the formulation using twisted Dirac operators 
associated to spin c structures. 

Theorem. Let M be an m-dimensional spin c manifold of bounded geometry and without 
boundary. Denote the associated Dirac operator by D. 

Then we have the following commutative diagram: 




ch(-)Aind(D) 


a*och* 


SmrM -5-* n%S(.M) 


Here is the uniform A"-homology of M invented by Spakuia in ppa09 and 


K*(M) the corresponding uniform A-theory which we will define in Section [dj The map 


• D [D] is the cap product and that it is an isomorphism will be shown in Section 4.4 


Moreover, H£ dR (AL) denotes the bounded de Rharn cohomology of M and ind(D) the 


1 That is to say, for every r > 0 we have 0. Manifolds admitting such a sequence are 

called amenable. 
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topological index class of D in there. Furthermore, is the uniform de Rham 

homology of M to be defined in Section 522 via Connes’ cyclic cohomology, and that it is 
Poincare dual to bounded de Rham cohomology is stated in Theorem |5.9[ Finally, let us 


note that we will also prove in Section 5.3 that the Chern characters induce isomorphisms 
modulo torsion, similar to the case of compact manifolds. 

Using a series of steps as in the proof of [CM901 Theorem 3.9] we will be able to 
generalize the above computation of the Poincare dual of (ct* o ch*)([£>]) G P“’ d *(M) to 
symmetric and elliptic uniform pseudodifferential operators. 


Theorem. Let M be a Riemannian manifold of bounded geometry and without boundary 
and let P be a symmetric and elliptic uniform pseudodifferential operator. 

Then ind(P) G H^ dR (M) is mapped by the duality map H£ dR (M) —» Hf dR (M) to the 
class (a* o ch*)([P]) G Hf dR (M). 

Using the above local index theorem we will derive as a corollary the following local 
index formula: 


Corollary. Let [<p] G Hf dR (M) be a compactly supported cohomology class and define the 
analytic index indudP) as in \CM90j for P a multigraded, elliptic, symmetric uniform 
pseudodifferential operator of positive order. Then we have 

ind M (P)= [ ind(P) A \ip\ 

J M 

and this pairing is continuous, i.e., J A/ ind(P) A [< p] < || ind(P)|| 00 • ||[(^]||i, where ||-||oo 
denotes the sup-seminorm on Hf dR (M) and || -1|x the L 1 -seminorm on Hf dR (AL). 

Note that the corollary reads basically the same as the local index formula of Connes 
and Moscovici from |CM90| . The fundamentally new thing in it is the continuity statement 
for which we need the uniformity assumption for P. 

As a second corollary to the above local index theorem we will, as already written, 
derive the generalization of Roe’s index theorem for amenable manifolds. 

Corollary. Let M be a manifold of bounded geometry and without boundary, let (Mj)j 
be a Fglner sequence for M and let r G (£°°)* be a linear functional associated to a free 
ultrafilter on N. Denote the from the choice of Fglner sequence and functional r resulting 
functional on K 0 (C*(M)) by 6. 

Then for both p G {0, f} ; every [P] G Kf(M) for P a p-graded, elliptic, symmetric 
uniform pseudodifferential operator over M, and every u G KffiM) we have 


(u, [P]) e = (ch(u) A ind(P), [M]) (Mi y,r- 

Roe’s theorem from |Roe88a| is the special case where P = D is a graded (i.e., p — 0) 
Dirac operator and u = [C] is the class in of the trivial, 1-d im ensional vector 

bundle over M. 

Note that this global index theorem arising from a Fplner sequence is just a special 
case of a certain rough index theory, where one pairs classes from the so-called rough 
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cohomology with classes in the It-theory of the uniform Roe algebra, and F0lner sequences 
give naturally classes in this rough cohomology. For details see the thesis [ Mav95 j of 
Mavra. It seems that it must be possible to combine the above local index theorem with 
this rough index theory, since it is possible in the special case of Fplner sequences. The 
author will investigate this in a forthcoming article. 

Let us say a few words about the proof of the above index theorem for uniform 
pseudodifferential operators. Roe used in | R.oe88aj the heat kernel method to prove his 
index theorem for amenable manifolds and therefore, since the heat kernel method does 
only work for Dirac operators, it can not encompass uniform pseudodifferential operators. 
So what we will basically do in this paper is to set up all the necessary theory in order to 
be able to reduce the index problem from pseudodifferential operators to Dirac operators. 

As it turns out, the only useful definition of pseudodifferential operators on non- 
compact manifolds is the uniform one since otherwise we can not guarantee that the 
operators do have continuous extensions to Sobolev spaces (we will elaborate more on 
this at the beginning of the next Section [2]). Now in the reduction of the index problem 
from pseudodifferential operators to Dirac operators one can use, e.g., the fact that for 
spin c manifolds we have K -Poincare duality between A-theory and K -homology (i.e., 
every class of an abstractly elliptic operator may be represented by a difference of twisted 
Dirac operators). In order to do the same here in our uniform case we therefore first need 
uniform A-theory and K -homology theories (since usual A'-homology does not consider 
at all any uniformity that we might have for our operators, and since we are forced to 
work with uniform pseudodifferential operators, it is quite clear that we also need a new 
A'-homology theory that incorporates uniformity). To our luck, Spakula already did 
this for us, i.e., he already defined in [Spa09| a uniform A'-homology theory and it turns 
out that this is exactly what we need. Evidence for the latter statement is provided by 
the fact that Spakula constructed a rough assembly map from uniform A'-homology to 
the A'-theory of the uniform Roe algebra, and Roe uses in | R.oe88a] the latter groups as 
receptacles for the analytic index classes for his index theorem. 

So from the above it is quite clear what we have to do: After defining and investigating 
the class of uniform pseudodifferential operators, that we are interested in, we have to 
look at uniform A'-homology more closely (i.e., Spakula did not construct the Kasparov 
product for it, but we need it crucially to show homotopy invariance of uniform A'- 
homology and therefore we will have to do this construction here). Then we have to 
identify the corresponding dual theory to uniform A'-homology and prove the uniform 
A'-Poincare duality theorem. With this at our disposal we will then be able to reduce 
the uniform index problem for uniform pseudodifferential operators to Dirac operators 
(for this we will also have to prove a uniform version of the Thom isomorphism in order 
to be able to conclude that symbol classes of uniform pseudodifferential operators may 
be represented by symbol classes of Dirac operators). So it remains to show the uniform 
index theorem for Dirac operators. But since up to this point we will already have set 
up all the needed machinery, its proof will be basically the same as the proof of the local 
index theorem of Connes and Moscovici in [ CM90] , 
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2 Pseudodifferential operators on open manifolds 


Let us explain why on non-compact manifolds we necessarily have to look at uniform 
pseudodifferential operators. Recall that on M m an operator P is called pseudodifferential, 
if it is given by 

(Pu)(x) = (27r)-"/ 2 f <%, 

Jr™ 

where u denotes the Fourier transform of u and the function p(x,£) satisfies for some 
k E Z the estimates \\D°D^p(x,^)\\ < C a/3 ( 1 + |£|) fc- ^ for all multi-indices a and f3. On 
manifolds one calls an operator pseudodifferential if one has the above representation in 
any local chart. But if the manifold is not compact, we get the problem that this is not 
sufficient to guarantee that the operator has continuous extensions to Sobolev spaces]^] 
For this we additionally have to require that the above bounds C a/3 are uniform across all 
the local charts. But since this is not well-defined (choosing a different atlas may distort 
the bounds arbitrarily large across the charts of the atlas), we will have to restrict the 
charts to exponential charts and additionally we will have to assume that our manifold 


has bounded geometry (this restrictions become clear when one looks at Lemma 2.3) 


2 We are ignoring in this discussion the fact that on non-compact manifolds we also need a condition on 
the behaviour of the integral kernel of P at infinity. So assume for the moment that P has finite 


propagation. Our final definition will require P to be quasilocal at infinity (see Section 2.21. 
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The local definition of uniform pseudodifferential operators that we investigate was 
already given by Kordyukov in [ Kor9l| . by Shubin in [ Shu9 2] and by Taylor in |Tay08| . 
And these are, to the surprise of the author, the only three instances that the author 
is aware of and where such uniform pseudodifferential operators were investigated. 
Regarding the control of the integral kernels of these operators at infinity, Kordyukov 
and Shubin impose that their operators must have finite propagation, i.e., that there is 
an R > 0 such that the integral kernel k(x,y) of the pseudodifferential operator vanishes 
for all x,y with d(x,y ) > R (note that pseudodifferential operators always have an 
integral kernel that is smooth outside the diagonal). Taylor requires more generally an 
exponential decay of the integral kernel at infinity, and for some results this decay should 
be faster than the volume growth of the manifold. We require that our pseudodifferential 
operators are quasilocaQ So at the end the definition of pseudodifferential operators on 
open manifold that we give is novel and the most general one that the author is aware of. 

Let us explain why we want our operators to be quasilocal, i.e., why the restrictions on 
the integral kernel of the other authors is not good enough for us: Recall that in order to 
compute Roe’s analytic index of an operator D of Dirac type, we have to consider the 
operator /(D), where / is an even Schwartz function with /(0) = 1. Now usually /(D) 
will not have finite propagation, but it will be a quasilocal operator. This was proven 
by Roe and we will generalize this crucial fact to pseudodifferential operators. So this 
means that we stay in our class of operators when computing analytic indices, but this 
is not true if we would work with the definitions of the other authors. Note that the 
proof of the fact that /(D) is quasilocal requires substantial analysis and is one of our 
key technical lemmas. 

2.1 Bounded geometry 

We will define in this section the notion of bounded geometry for manifolds and for vector 
bundles and discuss basic facts about uniform tD-spaces and Sobolev spaces on them. 

Definition 2.1. We will say that a Riemannian manifold M has bounded geometry , if 

• the curvature tensor and all its derivatives are bounded, i.e., ||V A Rm(a;)|| < C/ for 
all x G M and k G N 0 , and 

• the injectivity radius is uniformly positive, i.e., inj-rad M (x) > e > 0 for all points 
x G M and for a fixed £ > 0. 

If E —> M is a vector bundle with a metric and compatible connection, we say that E 
has bounded geometry , if the curvature tensor of E and all its derivatives are bounded. 

Examples 2.2. There are plenty of examples of manifolds of bounded geometry. The 
most important ones are coverings of compact Riemannian manifolds equipped with 


3 An operator A: H r (E) —> H 3 * S (F) is quasilocal , if there is some function y: R>o —> R>o with 

y{R) —> 0 for R —> oo and such that for all L C M and all u £ H r (E ) with suppu C L we 

have \\Au\\ h *,m-b r (l) < y{R) ■ IM|m- 
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the pull-back metric, homogeneous manifolds with an invariant metric, and leafs in a 
foliation of a compact Riemannian manifold (this is proved by Greene in [ Gre78 . lemma 
on page 91 and the paragraph thereafter]). 

For vector bundles, the most important examples are of course again pull-back bundles 
of bundles over compact manifolds equipped with the pull-back metric and connection, 
and the tangent bundle of a manifold of bounded geometry. 

Furthermore, if E and F are two vector bundles of bounded geometry, then the dual 
bundle E*, the direct sum E © F, the tensor product E F (and so especially also the 
homomorphism bundle Hom(if, F) = F <g> E*) and all exterior powers A l E are also of 
bounded geometry. If E is defined over M and F over N, then their external tensor 
product]^] E IE F over M x N is also of bounded geometry. 


Greene proved in [Gre781 Theorem 2’] that there are no obstructions against admitting 
a metric of bounded geometry, i.e., every smooth manifold without boundary admits one. 
On manifolds of bounded geometry there is also no obstruction for a vector bundle to 
admit a metric and compatible connection of bounded geometry. The proof (i.e., the 
construction of the metric and the connection) is done in a uniform covering of M by 
normal coordinate charts and subordinate uniform partition of unity (we will discuss 
these things in a moment) and we have to use the local characterization of bounded 


geometry for vector bundles from Lemma 2.5 


We will now state an important characterization in local coordinates of bounded 
geometry since it will allow us to show that certain local definitions (like the one of 
pseudodifferential operators) are independent of the chosen normal coordinate charts. 


Lemma 2.3 ( |Shu92i Appendix Al.l]). Let the injectivity radius of M be positive. 

Then the curvature tensor of M and all its derivatives are bounded if and only if for 
any 0 < r < inj-rad M all the transition functions between overlapping normal coordinate 
charts of radius r are uniformly bounded, as are all their derivatives (i.e., the bounds can 
be chosen to be the same for all transition functions). 


Another fact which we will need about manifolds of bounded geometry is the existence 
of uniform covers by normal coordinate charts and corresponding partitions of unity. A 
proof may be found in, e.g., |Shu92l, Appendix Al.l] (Shubin addresses the first statement 
about the existence of such covers actually to the paper |Gro81a| of Gromov). 

Lemma 2.4. Let M be a manifold of bounded geometry. 

For every 0 < e < ir T r ^- < W there exists a covering of M by normal coordinate charts of 
radius £ with the properties that the midpoints of the charts form a uniformly discrete set 
in M and that the coordinate charts with double radius 2e form a uniformly locally finite 
cover of M. 

Furthermore, there is a subordinate partition of unity 1 = JA ifi with supp ipi C B 2 £ {xf), 
such that in normal coordinates the functions ifi and all their derivatives are uniformly 
bounded (i.e., the bounds do not depend on i). 


4 The fiber of E IEI F over the point (x, y) e M x N is given by E x ® F y . 
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If the manifold M has bounded geometry, we have analogous equivalent local charac¬ 
terizations of bounded geometry for vector bundles as for manifolds. The equivalence of 
the first two bullet points in the next lemma is stated in, e.g., [ Roe88al Proposition 2.5]. 
Concerning the third bullet point, the author could not find any citable reference in the 
literature (though Shubin uses in |Shu92] this as the actual definition). 

Lemma 2.5. Let M be a manifold of bounded geometry and E —)■ M a vector bundle. 
Then the following are equivalent: 

• E has bounded geometry, 

• the Christoff el symbols T f a (y) of E with respect to synchronous framings (considered 
as functions on the domain B of normal coordinates at all points) are bounded, as 
are all their derivatives, and this bounds are independent of x G M, y G exp X (B) 
and i, a , (5, and 

• the matrix transition functions between overlapping synchronous framings are 
uniformly bounded, as are all their derivatives (i.e., the bounds are the same for all 
transition functions). 

We will now give the definition of uniform C°°-spaces together with a local charac¬ 
terization on manifolds of bounded geometry. The interested reader is refered to, e.g., 
the papers |Roe88a, Section 2] or |Shu92L Appendix Al.l] of Roe and Shubin for more 
information regarding these uniform C°°-spaces. 

Definition 2.6 (C r -bounded functions). Let / G C°°(M). We will say that / is a 
Cf-function , or equivalently that it is C r -bounded, if ||V*/||oo < Q for all 0 < i < r. 

If M has bounded geometry, being C' r -bounded is equivalent to the statement that in 
every normal coordinate chart \d a f(y)\ < C a for every multiindex a with |a| < r (where 
the constants C a are independent of the chart). 

Of course, the definition of C r -boundedness and its equivalent characterization in 
normal coordinate charts for manifolds of bounded geometry make also sense for sections 
of vector bundles of bounded geometry (and so especially also for vector fields, differential 
forms and other tensor fields). 

Definition 2.7 (Uniform U^-spaces). Let E be a vector bundle of bounded geometry 
over M. We will denote the uniform C r -space of all C r -bounded sections of E by C£(E). 
Furthermore, we define the uniform C°°-space Cf°(E) as the Frechet space 

C?(E) :=f|CT(B). 

r 

Now we get to Sobolev spaces on manifolds of bounded geometry. Much of the following 
material is from |Shu92l Appendix Al.l| and [ Roe88a . Section 2], where an interested 
reader can find more thorough discussions of this matters. 
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Let s € CfT(E) be a compactly supported, smooth section of some vector bundle 
E —>■ M with metric and connection V. For fceNo and p € [1, oo) we define the global 
fF fc,p -Sobolev norm of s by 


ip 



V l s(x)\\ p dx. 


( 2 . 1 ) 


Definition 2.8 (Sobolev spaces W k,p (E)). Let FI be a vector bundle which is equipped 
with a metric and a connection. The W k,p -Sobolev space of E is the completion of Cf°(E) 
in the norm and will be denoted by W k,p (E). 


If E and M m both have bounded geometry than the Sobolev norm (2.1) is equivalent 
to the local one given by 


OO 

II || P equiv ,, ,, p 

— Z^ \Wi s \\w k ’P(B 2 e{xi)V 

i— 1 


( 2 . 2 ) 


where the balls B 2£ (xi ) and the subordinate partition of unity tpi are as in Lemma 2.4 
we have chosen synchronous framings and ||'||w/ fc ’P(.B 2 »(zi)) denotes the usual Sobolev norm 
on B 2 £ {xi ) C M m . This equivalence enables us to define the Sobolev norms for all fcef. 
Assuming bounded geometry, the usual embedding theorems are true: 


Theorem 2.9 ( |Aub981 Theorem 2.21]). Let E be a vector bundle of bounded geometry 
over a manifold M m of bounded geometry and without boundary. 

Then we have for all values (.k — r)/n > 1/p continuous embeddings 


W k,p (E) C C r b {E). 


We define the space 

W°° ,P (E) := p) W k ' p (E) 

fce N 

and equip it with the obvious Frechet topology. The Sobolev Embedding Theorem tells 
us now that we have for all p a continuous embedding 

W°°' P (E) C™(E). 

For p — 2 we will write H k (E) for W k,2 (E). This are Hilbert spaces and for k < 0 the 
space H k (E) coincides with the dual of H~ k (E), regarded as a space of distributional 
sections of E. 

We will now investigate the Sobolev spaces H°°(E) and H~°°(E ) of infinite orders. 
They are crucial since they will allow us to define smoothing operators and hence the 
important algebra E) in the next section. 

Lemma 2.10. The topological dual of H°°(E) is given by 

H-°°(E) := |J H- k (E). 

km 
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Let us equip the space H 00 (E) with the locally convex topology defined as follows: the 
Frechet space H°°(E ) = hm H k (E) is the projective limit of the Banach spaces H k (E), 
so using dualization we may put on the space H~°°(E ) the inductive limit topology 
denoted l{E[^ 00 {E),H 00 (E))\ 


H~°°(E) : = lin }H~ k (E). 


It enjoys the following universal property: a linear map A: H~°°(E ) —» F to a locally 
convex topological vector space F is continuous if and only if A\ H -kt E \ : H~ k (E) —» F is 
continuous for all k G N. 

Later we will need to know how the bounded^ subsets of H~°°{E ) look like, which 
is the content of the following lemma. In its proof we will also deduce, solely for the 
enjoyment of the reader, some nice properties of the spaces H°°(E) and H~°°(yE). 


Lemma 2.11. The space H L °°{E) := lin k (E) is a regular inductive limit, he., for 
every bounded subset B C H~°° ( E ) exists some fceN such that B is already contained 
in H~ k (E) and bounded there {^] 


Proof. Since all H~ k (E) are Frechet spaces, we may apply the following corollary of 
Grothendieck’s Factorization Theorem: the inductive limit H~°°{E) is regular if and 
only if it is locally complete (see, e.g., [ PCB87 . Lemma 7.3.3(i)]). To avoid introducing 
more burdensome vocabulary, we won’t define the notion of local completeness here since 
we will show something stronger: H~°°(E ) is actually complet^J 

From [ BB031 Sections 3. (a & b)] we conclude the following: since each H k (E) is a 
Hilbert space, the Frechet space H°°(E) is the projective limit of reflexive Banach spaces 
and therefore totally reflexiv^J It follows that H^i^E) is distinguished, which can be 
characterized by Hp°°(E) = H~°°(E), where /3(E[^' X (E), H°°(E)) is the strong topology 
on H~°°(E). Now without defining the strong topology we just note that strong dual 
spaces of Frechet space are always complete. □ 


2.2 Quasilocal smoothing operators 

We will discuss in this section the definition and basic properties of smoothing opera¬ 
tors on manifolds of bounded geometry and we will introduce the notion of quasilocal 
operators. The quasilocal smoothing operators will be the (—oo)-part of our uniform 
pseudodifferential operators that we are going to define in the next section. 


5 A subset B c Hp°°{E) is bounded if and only if for all open neighbourhoods U C Hp°°(E) of 0 there 
exists A > 0 with B c XU. 

6 Note that the converse does always hold for inductive limits, i.e., if B C H~ k {E) is bounded, then it 
is also bounded in Hp°°(E). 

7 That is to say, every Cauchy net converges. In locally convex spaces, being Cauchy and to converge is 
meant with respect to each of the seminorms simultaneously. 

8 That is to say, every quotient of it is reflexive, i.e., the canonical embeddings of the quotients into 
their strong biduals are isomorphisms of topological vector spaces. 
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Definition 2.12 (Smoothing operators). Let M be a manifold of bounded geometry 
and E and F two vector bundles of bounded geometry over M. We will call a continuous 
linear operator A : H~°° ( E ) — y H°° ( F ) a smoothing operator. 

Lemma 2.13. A linear operator A: H~°°{E) —y H°°(F) is continuous if and only if it 
is bounded as an operator H~ k (E) —y H l (F) for all k, l G N. 


Let us denote by ^B( K Hf 00 ( K E),H 00 {E)) the algebra of all smoothing operators from E 
to itself. Due to the above lemma we may equip it with the countable family of norms 
(IMI-fc,/)fc,ieN so that it becomes a Frechet spac^] 

Now let us get to the main property of smoothing operators that we will need, namely 
that they can be represented as integral operators with a uniformly bounded smooth 
kernel. Let A: Hf°°(E) —» H°°{F ) be given. Then we get by the Sobolev Embedding 
Theorem 2.9 a continuous operator A: H~°°(E) —» Cf°(F) and so may conclude by the 
Schwartz Kernel Theorem for regularizing operator^] that A has a smooth integral kernel 
kA G C°°{F Kl E*), which is uniformly bounded as are all its derivatives, because of the 
bounded geometry of M and the vector bundles E and F. i.e., kA G C£°(F E E*). 

From the proof of the Schwartz Kernel Theorem for regularizing operators we also see 
that the assignment of the kernel to the operator is continuous against the Frechet topology 
on H°°(F)). Furthermore, due to Lemma 2.11 this topology coincides with 

the topology of bounded convergenc^j on 03 (//““(E), H°°(F)). Note that we need this 
equality of topologies to cite |Roe88al Proposition 2.9] for the next proposition, i.e., so 
that our wording of it coincides with the wording in the cited proposition. 


Proposition 2.14 ( |Roe88a . Proposition 2.9]). Let A: H~°°(E) —» H°°(F) be a smooth¬ 
ing operator. Then A can be written as an integral operator with kernel kA G C^{FME*). 
Furthermore, the map 


<B{H-°°(E), H°°(F)) ->■ Cf°(F E E*) 
associating a smoothing operator its kernel is continuous. 

Let L C M be any subset. We will denote by the seminorm on the Sobolev 

space H r (E ) given by 

IMIiyyL := inf{||t/||jyr | u' G H r (E),u' — u on a neighbourhood of L}. 


9 That is to say, a topological vector space whose topology is Hausdorff and induced by a countable 
family of seminorms such that it is complete with respect to this family of seminorms. 

10 Note that the usual wording of the Schwartz Kernel Theorem for regularizing operators requires 
the domain to be equipped with the weak-* topology a(H~ 00 (E),H 00 (F)) and A to be 

continuous against it. But one actually only needs the domain to be equipped with the inductive 
limit topology. To see this, one can look at the proof of the Schwartz Kernel Theorem for regularizing 
kernels as in, e.g., [ iGanlOl Theorem 3.18]. 

n A basis of neighbourhoods of zero for the topology of bounded convergence is given by the subsets 
M(B , U) C *8(£r ( _00 (£’), H°°(F)) of all operators T with T(B) C U, where B ranges over all bounded 
subsets of Hp°°(E) and U over a basis of neighbourhoods of zero in H°°(F). 
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Definition 2.15 (Quasilocal operators, |Roe88al. Section 5]). We will call a continuous 
operator A: H r (E) —y H S (F) quasilocal, if there is a function /i: M >0 —> M>o with 
//(/?,) — y 0 for R — > oo and such that for all L <Z M and all u G H r (E) with supp u C L 
we have 

Such a function // will be called a dominating function for A. 

We will say that an operator A: Cf°(E) —)■ C°°{F) is a quasilocal operator of order k j^] 
for some k G Z, if A has a continuous extension to a quasilocal operator H S (E) —» H s ~ k (F) 
for all s G Z. 

A smoothing operator A: H~°°(E) —> H°°(F) will be called quasilocal , if A is quasilocal 
as an operator H~ k (E) — H l (F ) for all k, l G N (from which it follows that A is also 
quasilocal for all G Z). 

If we regard a smoothing operator A as an operator L 2 (E) —> L 2 (F), we get a uniquely 
defined adjoint A*: L 2 (F) —> L 2 (E). Its integral kernel will be given by 

k A *{x,y) k A (y, x)* G C%°(E Kl F*), 

where kA(y, x)* G F* (8) E x is the dual element of &a(2/, x) G F y ® E*. 

Definition 2.16 (cf. |Roe88a i Definition 5.3]). We will denote the set of all quasilocal 
smoothing operators A: H~°°(E) — H°°(F) with the property that their adjoint operator 
A* is also a quasilocal smoothing operator H~°°(F) —> H°°{E ) by Uf^E, F). 

If E = F, we will just write Uf^E). 

Remark 2.17. Roe defines in [ Roe88al. Definition 5.3] the algebra U^^E) instead of 
Uf^E), i.e., he does not demand that the adjoint operator is also quasilocal smoothing. 
The reason why we do this is that we want adjoints of uniform pseudodifferential operators 
to be again uniform pseudo differential operators (and the algebra Uf^E) is used in the 
definition of uniform pseudo differential operators). 

2.3 Definition of uniform pseudodifferential operators 

Let M m be an m-dimensional manifold of bounded geometry and let E and F be two 
vector bundles of bounded geometry over M. Now we will get to the definition of uniform 
pseudo differential operators acting on sections of vector bundles of bounded geometry 
over manifolds of bounded geometry. 

Definition 2.18. An operator P: Cf°(E) —y C°°(F) is a pseudodifferential operator of 
order k E Z, if with respect to a uniformly locally finite covering {B 2£ (xi)} of M with 
normal coordinate balls and corresponding subordinate partition of unity {<Pi} as in 
Lemma 12.41 we can write 

P = P_ oo + Pi (2-3) 


12 Roe calls such operators 11 uniform operators of order fc” in [ Roe88al Definition 5.3]. But since the 
word “uniform” will have another meaning for us (see, e.g., the definition of uniform RT-homology), 
we changed the name. 
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satisfying the following conditions: 


P-oo G U : H 00 (E,F), i.e., it is a quasilocal smoothing operator, 


for all i the operator P % is with respect to synchronous framings of E and F in 
the ball B 2e {xi ) a matrix of pseudodifferential operators on M m of order k with 
support 13 in B 2e ( 0) C 1 


and 


the constants Cf 13 appearing in the bounds 

\\DZD f (Pi (x,ei\\<Cf(l + \l;\) 


of the symbols of the operators Pj can be chosen to not depend on i, i.e., there are 
C 01 ^ < oo such that 

(2.4) 




for all multi-indices a, (3 and all i. We will call this the uniformity condition for 
pseudodifferential operators on manifolds of bounded geometry. 

We denote the set of all such operators by UTDO fc (P, F). 


From Lemma 2.3 and Lemma 2.5 together with [ LM891 Theorem III.§3.f2] (and 
its proof which gives the concrete formula how the symbol of a pseudo differential 
operator transforms under a coordinate change) we conclude that the above definition 
of pseudodifferential operators on manifolds of bounded geometry does neither depend 
on the chosen uniformly locally finite covering of M by normal coordinate balls, nor 
on the subordinate partition of unity with uniformly bounded derivatives, nor on the 
synchronous framings of E and F. 

Remark 2.19. We are considering only operators that would correspond to Hormander’s 
class Si 0 (D), if we consider open subsets Si of instead of an m-dimensional manifold 
M , i.e., we do not investigate operators corresponding to the more general classes S k 5 (Sl). 
The paper |Hor671 Definition 2.1] is the one where Hormander introduced these classes. 

Recall that in the case of compact manifolds a pseudodifferential operator P of order 
k has an extension to a continuous operator H S (E) —> H s ~ k (F ) for all s G Z (see, e.g., 


[LM89) Theorem III.§3.IT(i)]). Due to the uniform local finiteness of the sum in (2.3) 


and due to the Uniformity Condition (2.4), this result does also hold in our case of a 
manifold of bounded geometry. 

Proposition 2.20. Let P G UTDO fc (P, P). Then P has for all s GZ an extension to 
a continuous operator P : H S (E ) —>■ H s ~ k (F). 

Remark 2.21. Later we will need the following fact: we can bound the operator norm of 
P: H S (E) —> H s ~ k (F) from above by the maximum of the constants C a0 with |a| < K s 


from the Uniformity Condition (2.4) for P multiplied with a constant C s , where K s G No 


13 An operator P is supported in a subset K, if supp Pu C K for all u in the domain of P and if Pu = 0 
whenever we have supp uC\ K = 0. 
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and C s only depend on s G Z and the dimension of the manifold M. This can be seen 
by carefully examining the proof of [ LM891 Proposition III.§3.2] which is the above 
proposition for the compact case,_ 

Let us define 

UTDO -°°(E,F) := p| UTDO fc (P, P). 

k 


2.20 


we 


We will show UTDO 00 (F, F ) = W^E, F): from the previous Proposition 
conclude that P G UTDO _0 °(F, F) is a smoothing operator (using Lemma 2.13). Since 


we can write P = P_oo + JT Pi, where P-oo G IFL^E, F ) and the P, : are supported in 
balls with uniformly bounded radii, the operator Pj is of hnite propagation. So P 
is the sum of a quasilocal smoothing operator P_oo and a smoothing operator JT P, of 
hnite propagation, and therefore a quasilocal smoothing operator. The same arguments 
also apply to the adjoint P* of P, so that in the end we can conclude P G LP^F, F ), 
i.e., we have shown UTDO“°°(P, P) C ZF^F, F). 

Since the other inclusion does hold by definition, we get the claim P’1 


Lemma 2.22. UTDCr°°(F,F) =U*_ 00 (E,F). 


One of the important properties of pseudodifferential operators on compact manifolds 
is that the composition of an operator P G UTDO fc (F,F) and Q G UTDO l (F,G) is 
again a pseudodifferential operator of order k + l: PQ G UTDO k+l (E, G ). We can prove 
this also in our setting by writing 

PQ = (p_oo + ^ Pi) (q_oo + ^ Qj) 

i j 

— P-ooQ-oo + PiQ-oo + P-ooQj + PiQj 

i j i,j 


and then arguing as follows. 


• The hrst summand is an element of U^^^EjG): in [Roe88al Proposition 5.2] it 
was shown that the composition of two quasilocal operators is again quasilocal and 
it is clear that composing smoothing operators again gives smoothing operators, 
resp. it is easy to see that composing two operators which may be approximated 
by hnite propagation operators again gives such an operator. 


The second and third summands are from U^^E^) due to Proposition 2.20 and 


since the sums are uniformly locally hnite, the operators Pj and Qj are supported 
in coordinate balls of uniform radii (i.e., have hnite propagation which is uniformly 
bounded from above) and their operator norms are uniformly bounded due to the 
uniformity condition in the definition of pseudodifferential operators. 
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To be utterly concrete, we have to choose normal coordinate charts and a subordinate partition of 


unity as in Lemma 2.4 and also synchronous framings for E and F and then use Formula (2.21 which 


gives Sobolev norms that can be computed locally and that are equivalent to the global norms (2.11. 
15 Of course, our definition of pseudodifferential operators was arranged such that this lemma holds. 
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The last summand is a uniformly locally finite sum of pseudodifferential operators 
of order k + l (here we use the corresponding result for compact manifolds) and 
to see the Uniformity Condition (2.4) we use |LM89 . Theorem III. §3.10]: it states 
that the symbol of PiQj has formal development ^(Dfpfi^Dfqj). So we may 
deduce the uniformity condition for PiQj from the one for Pi and for Q r 


Other properties that immediately generalize from the compact to the bounded ge¬ 
ometry case is firstly, that the commutator of two pseudodifferential operators is of one 
order lower than it should a priori be, and secondly, that multiplication with a function 
/ G Cffi (M) defines a pseudo differential operator of order 0. 

So we have the following important proposition: 


Proposition 2.23. UTDO*(i?) is a filtered *-algebra, i.e., for all k,l G Z we have 

UTDO fc (U) o UTDO \E) C UTDO k+l (E), 


and so UTDO 00 (E) is a two-sided * -ideal in UTDO*(if). 

Furthermore, we have [UTDO fc (£), UTDO'(U)] C UTDO fc+/_1 (U) for all k,l G Z, 
and multiplication with a function f G C£°(M) defines a pseudodifferential operator of 
order 0. 


The last property that generalizes to our setting and that we want to mention is the 
following (the proof of [ LM891 Theorem III. §3.9] generalizes directly): 

Proposition 2.24. Let P G UTDO k (E,F) be a pseudodifferential operator of arbitrary 
order and let u G H S {E) for some s G Z. 

Then, if u is smooth on some open subset U C M, Pu is also smooth on U. 


2.4 Uniformity of operators of nonpositive order 

Now we get to the important statement that the pseudodifferential operators we have 
defined are uniform (the discussion here is strongly related to the fact that elliptic uniform 
pseudodifferential operators will define uniform K -homology classes). Note that we have 
not yet defined what “uniform” shall mean. This will be done now. 

Let T G A(L 2 (E)) be a compact operator. We know that T is the limit of finite rank 
operators, i.e., for every e > 0 there is a finite rank operator k such that ||T — k\\ < e. 
Now given a collection A C &(L 2 (E)) of compact operators, it may happen that for every 
e > 0 the rank needed to approximate an operator from A may be bounded from above 
by a common bound for all operators. This is formalized in the following definition. 

Definition 2.25 (Uniformly approximable collections of operators). A collection of 
operators A C A(L 2 (E)) is said to be uniformly approximable, if for every e > 0 there is 
an N > 0 such that for every T G A there is a rank-A" operator k with \\T — k\\ < s. 

Examples 2.26. Every collection of finite rank operators with uniformly bounded rank is 
uniformly approximable. 
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Furthermore, every finite collection of compact operators is uniformly approximate 
and so also every totally bounded subset of A(L 2 (E)). 

The converse is in general false since a uniformly approximable family need not be 
bounded (take infinitely many rank-1 operators with operator norms going to infinity). 

Even if we assume that the uniformly approximable family is bounded we do not 
necessarily get a totally bounded set: let (ej); e N be an orthonormal basis of L 2 (E ) and 
Pi the orthogonal projection onto the 1-dimensional subspace spanned by the vector e*. 
Then the collection {Pi} C A(L 2 (E)) is uniformly approximable (since all operators are 
of rank 1) but not totally bounded (since ||P,; — Pj\\ = 1 for i j)p*j 

Let us define 


L-Lip R (M) := {/ G C c (M) \ f is L-Lipschitz, diam(supp/) < R and ||/||oo < 1}. 


Spa09. Definition 2.3]). Let T e 23(L 2 (P)). We say that T is uniformly 


Definition 2.27 

locally compact, if for every R, L > 0 the collection 


{fT, Tf | / e h- Lip R (M)} 


is uniformly approximable. 

We say that T is uniformly pseudolocal, if for every R, L > 0 the collection 


{[T,f] \ f e L-Up R (M)} 


is uniformly approximable. 


Remark 2.28. In Spa09 uniformly locally compact operators were called “/-uniform” and 
uniformly pseudolocal operators “/-uniformly pseudolocal”. 


We will now show that pseudodifferential operators of negative order are uniformly 
locally compact and that pseudodifferential operators of order 0 are uniformly pseudolocal. 
We will start with the operators of negative order. 


Proposition 2.29. Let A e ( B(L 2 (E)) be a finite propagation operator of negative order 
k < C 17 such that its adjoint A* also has finite propagation and is of negative order k' < 0. 


Then A is uniformly locally compact. Even more, the collection 


{fT, Tf | feB R (M)} 

is uniformly approximable for all R,L> 0, where B R {M) consists of all bounded Borel 
functions h on M with diam(supp h) < R and ||/r||oo < 1. 


16 Another way to see that {Pi} is not totally bounded is to use the characterization of totally bounded 
subsets of A(H) from Al'ti.V Theorem 3.5]: a family A C A(H) is totally bounded if and only if 
both A and A* are collectively compact, i.e., the sets {Tv \ T £ A,v £ H with ||u|| = 1} C H and 
{T*v | T £ A,v £ H with ||u|| = 1} C H have compact closure. 

17 See Definition 


2.15 


Note that we do not assume that A is a pseudodifferential operator. 
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Proof. Let / £ Br(M), K := supp / C M and r be the propagation of A. The operator 
xAf = Af, where x is the characteristic function of B r (K), factores as 

L\E ) -U L\E \ k ) ^4 ^ L 2 (E\ Br{K) ) -£ l 2 (u). 

The following properties hold: 


• multiplication with / has operator norm < 1 , since ||/||oo < 1 , and analogously for 
the multiplication with x, 

• the norm of y ■ A: L 2 (£jjy) —» //” fc (Uj Br (/y)) can be bounded from above by the 
norm of A: L 2 (E) —> H~ k (E) (i.e., the upper bound does not depend on K nor r), 

• the inclusion H~ k (E\B r (K)) ^ L 2 {E\B r (K)) is compact (due to the Theorem of 
Rellich-Kondrachov) and this compactness is uniform, i.e., its approximability by 
finite rank operator^ depends only on R (the upper bound for the diameter of 
supp/) and r, but not on K (this uniformity is due to the bounded geometry of 
M and of the bundles E and F ), and 

• the inclusion L 2 (E\B r (K)) —> L 2 (E) is of norm < 1. 

From this we conclude that the operator xAf = Af is compact and this compactness is 
uniform, i.e., its approximability by finite rank operators depends only on R and r. So 
we can conclude that {Af j / £ Br(M)} is uniformly approximable. 

Applying the same reasoning to the adjoint operator^ we conclude that A is uniformly 
locally compact. □ 


Using an approximation argument 0 we may also show the following corollary: 


Corollary 2.30. Let A be a quasilocal operator of negative order and let the same hold 
true for its adjoint A*. Then A is uniformly locally compact; in fact, it even satisfies the 


stronger condition from the above Proposition 2.29 


Proof. We have to show that {Af \ f £ Br(M)} is uniformly approximate. Let e > 0 
be given and let r £ be such that /i/i(r) < e for all r > r £ , where /j,a is the dominating 
function of A. Then x Bre ( SU pp/)A/ is e-away from Af and the same reasoning as in the 
proof of the above Proposition 2.29 shows that the approximability (up to an error of e) of 
X-Br e (supp/) A/ does only depend on R and r £ . From this the claim that {Af \ f £ Br(M)} 
is uniformly approximate follows. 

Using the adjoint operator and the same arguments for it, we conclude that A is 
uniformly locally compact. □ 


18 Here we mean the existence of an upper bound on the rank needed to approximate the operator by 
finite rank operators, given an e > 0. 

19 By assumption the adjoint operator also has finite propagation and is of negative order. So we conclude 
that {A* f | / £ Br(M)} is uniformly approximable. But a collection A of compact operators is 
uniformly approximable if and only if the adjoint family A* is uniformly approximable. So we get 
that {(A* f)* = f A | / £ Br(M)} is uniformly approximable. 

20 Note that we will not approximate the quasilocal operator A itself by finite propagation operators in 
this argument. In fact, it is an open problem whether quasilocal operators may be approximated by 
finite propagation operators. 
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Corollary 2.31. Let P G UTDO^-F) be a pseudodifferential operator of negative order 
k < 0. Then P is uniformly locally compact. 


Let us now get to the case of pseudo differential operators of order 0, where we want to 
show that such operators are uniformly pseudolocal. 

Recall the following fact for compact manifolds: T is pseudolocap T | if and only if fTg 
is a compact operator for all /, g G C(M ) with disjoint supports. This observation is 
due to Kasparov and a proof might be found in, e.g., 11 1H00 . Proposition 5.4.7]. We 
can add another equivalent characterization which is basically also proved in the cited 
proposition: an operator T is pseudolocal if and only if fTg is a compact operator for 
all bounded Borel functions / and g on M with disjoint supports. 

We have analogous equivalent characterizations for uniformly pseudolocal operators, 
which we will state in the following lemma. The proof of it is similar to the compact 
case (and uses the fact that the sub set o f all uniformly pseudolocal operators is closed in 
operator norm, which is proved in Spa09, Lemma 4.2]). Furthermore, in order to prove 
that the Points 4 and 5 in the statement of the next lemma are equivalent to the other 
points we need the bounded geometry of M. For the convenience of the reader we will 
give a full proof of the lemma. 

Let us introduce the notions B b (M) for all bounded Borel functions on M and B R (M ) 
for its subset consisting of all function h with diam(supp h) < R and ||ft)|oo < 1. 

Lemma 2.32. The following are equivalent for an operator T G IB (L 2 (E)): 


1. T is uniformly pseudolocal, 

2. for all R,L > 0 the following collection is uniformly approximable: 

{fTg, gT f \ f G B b (M), H/Hoo < 1 , ge L-Lip R (M), supp / fl supp g = 0}, 


3. for all R, L > 0 the following collection is uniformly approximable: 

{fTg, gTf \ f G B b (M), H/H^ < 1, g G B R (M ), d(supp /, supp g) > L}, 

f. for every L > 0 there is a sequence (Lj)j e ^ of positive numbers (not depending on 
the operator T) such that 

{fTg, gT f \ f g B b (M) with H/IU < 1, 

g G B r (M) nC”(M) with HV^Hoo < Lj, and 
supp / fl supp (7 = 0} 

is uniformly approximable for all R, L > 0. 

5. for every L > 0 there is a sequence of positive numbers (not depending on 

the operator T) such that 

{[■ T,g} | g e B R (M)nCf°(M) with ||V^|U < Lj} 
is uniformly approximable for all R,L > 0. 

21 That is to say, [T, /] is a compact operator for all / G C c (M). 
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Proof. 1 =>- 2: Let / G Bb(M ) with ||/||oo < 1 and (7 G L-Lip i? (M) have disjoint 
supports, i.e., supp / fl supp <7 = 0. From the latter we conclude fTg = f[T,g], from 
which the claim follows (because T is uniformly pseudolocal and because the operator 
norm of multiplication with / is < 1). Of course such an argument also works with the 
roles of / and g changed. 

2 => 3: Let / G Bb(M) with ||/||oo < 1 and g G Br(M) with d(supp/,supp g) > L. 
We define g'(x) max (0,1 — 1/L • d(x, supp g)) G 1/L- Lip i?+2L (M). Since g'g — g, the 
claim follows from writing fTg = fTg'g and because multiplication with g has operator 
norm < 1, and we of course also may change the roles of / and g. 

3 => 1: Let / G L-hip R (M). For given e > 0 we partition the range of / into a 

sequence of non-overlapping half-open intervals U n , each having diameter less than 

e, such that Ui intersects Uj if and only if \i — j\ < 1. Denoting by Xi the characteristic 
function of / _1 ([/*), we get that Xi £ Br(M) if 0 ^ Ui , since the support of / has 
diameter less than or equal to R, and furthermore d(supp Xi, supp Xj) > y if \i — j\ > 1, 
since / is L-Lipschitz. 

By Point 3 we have that the collections {XiTXj■, XjTXi} are uniformly approximate 
for all i,j with | i — j\ > 1. Choosing points xi,...,x n from / _1 (L r i),... , f~ l {U n ) and 

defining f := f(x 1 )x 1 H-h f(x n )Xn, we get \\f - f'W^ < e. The operator [T,f] is 

2£||T||-away from [T, /'], and since Xi + ''' + Xn — 1 we have 

Tf - f'T = ^2xjTf{xi)xi ~ f{xj)xjTxi- 

Since we already know that {XiTXjiXjTXi} are uniformly approximate for all i,j with 
\i — j\ > 1 , it remains to treat the sum (note that the summand for i — j is zero) 


XjTf(xi)xi-f{xj)xjTxi= (/Od) “ fi x j))XjTXi- 
p—i l=i [i-i[=i 

We split the sum into two parts, one where i = j + 1 and the other one where i = j — 1. 
The first part takes the form 


(f( x i+ 1 ) “ f( x i))XjTXj+ 1 , 

j 


i.e., is a direct sum of operators from Xj+i ' L 2 (E) to Xj ' L 2 (E). Therefore its norm 
is the maximum of the norms of its summands. But the latter are < 2e||T|| since 
\f(xj + i) — f{xj )| < 2e. We treat the second part of the sum in the above display the 
same way and conclude that the sum in the above display is in norm < 4£T. Putting 
it all together it follows that T is the operator norm limit of uniformly pseudolocal 
ope rators, from which it follows that T itself is uniformly pseudolocal (it is proved in 


Spa09. Lemma 4.2] that the uniformly pseudolocal operators are closed in operator norm, 


as are also the uniformly locally compact ones). 

2 => 4: Clear. We have to set Li := L and the other values Lj> 2 do not matter (i.e., 
may be set to something arbitrary). 
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4 =>- 3: This is similar to the proof of 2 => 3, but we have to smooth the function g' 
constructed there. Let us make this concrete, i.e., let / G B b (M) with \\f\\oo < 1 and 
g G B r (M) with d(supp /, supp g) > L be given. We define 


g'(x) := max (0,1 - 2/L • d(x, B L/4 (supp g))) G 2/L- Lip R+3i/2 (M). 


Note that g' = 1 on B L / 4 (snppg) and g' = 0 outside T> 3 L/ 4 (supp g). We cover M by 
normal coordinate charts and choose a “nice” subordinate partition of unity ipi as in 
Lemma 2.4 If ip is now a modifier on M m supported in B r i s(0), we apply it in every 


normal coordinate chart to <fig' and reassemble then all the mollified parts of g' again to 
a (now smooth) function g" on M. This function g" is now supported in L? 7 £/ 8 (suppg), 
and is constantly 1 on Lb/ 8 (supp g). So fTg = fTg"g from which we may conclude 
the uniform approximability of the collection {fTg} for / and g satisfying / G B b {M) 
with H/lloo < 1 and g G B R (M) with d(supp /, supp g) > L. Note that the constants 


Lj appearing in ||V-^lloo — -b? depend on L , </?* and ip, but not on /, g or R. The 
dependence on tfi and ip is ok, since we may just fix a particular choice of them (note 
that the choice of ip also depends on L), and the dependence on L is explicitly stated in 
the claim. 

Of course we may also change the roles of / and g in this argument. 

5 =£* 4: Clear. We just have to write fTg = f[T,g] and analogously for gTf. 

1 => 5: Clear. □ 


With the above lemma at our disposal we may now prove the following proposition. 
Proposition 2.33. Let P G LI v kDO°(£’). Then P is uniformly pseudolocal. 


Proof. Writing P = P_ oc + P t with P_ oc G we may without loss of generality 

assume that P has finite propagation R' (since P-oo is uniformly locally compact by the 
above Corollary 2.30 and uniformly locally compact operators are uniformly pseudolocal). 

We will use the equivalent characterization in Point 4 of the above lemma: let R, L > 0 
and the corresponding sequence be given. We have to show that 


{fPg,gPf | / G B b (M) with \\f IU < 1, 

g G B r (M) n C?(M) with || V^Hoo < Lj, and 
supp / D supp g — 0} 


is uniformly approximate for all R,L > 0. 

We have 

f^9 = f XB r , (supp g)Pg = fXB R /(supp g)\Py g] 
since the supports of / and g are disjoint. 

With Proposition |2. 23 we conclude that multiplication with g is a pseudodifferential 
operator of order 0 (since g G Cp c (M)) and furthermore, that the commutator [P,g] is 
a pseudodifferential operator of order — f. Therefore, by the above Corollary 2.3I[ we 
know that the set {fXB R ,(suppg)[P, g] I / £ B R (M)} is uniformly approximate. So we 
conclude that our operators f[P,g] have the needed uniformity in the functions /. 
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It remains to show that we also have the needed uniformity in the functions g. Writing 
P = Yhi we get [P->g\ — 'YhilPiidl- Now each [P t , g\ is a pseudodifferential operator 
of order — 1, their support^] depend only on the propagation of P and on the value 
of R (but not on i nor on the concrete choice of g) and their operator norms as maps 
L 2 (E) —y H 1 (E) are bounded from above by a constant that only depends on P, on R 
and on the values of all the Lj (but again, neither on i nor on g). The last fact follows 
from a combination of Remark 2.21| together with the estimates on the symbols of the 
[Pi,g\ that we get from the proof that they are pseudodifferential operators of order —1. 


So examining the proof of Proposition 2.29 more closely, we see that these properties 
suffice to conclude the needed uniformity of f[P, g] in the functions g. 

The operators gPf may be treated analogously. □ 


2.5 Elliptic operators 

In this section we will define the notion of ellipticity for uniform pseudo differential 
operators and important consequences of it (elliptic regularity, fundamental elliptic 
estimates and essential self-adjointness). Let n*E and n*F denote the pull-back bundles 
of E and F to the cotangent bundle 7r: T*M —)■ M of the m-dimensional manifold M. 

Definition 2.34 (Symbols). Let p be a section of the bundle Hom(7r*.E, n*F) over T*M. 
We call p a symbol of order k E Z, if the following holds: choosing a uniformly locally finite 
covering {B 2 6 (xi)} of M through normal coordinate balls and corresponding subordinate 


partition of unity {<pj} as in Lemma 2.4 and choosing synchronous framings of E and F 
in these balls B 2 E {xi), we can write p as a uniformly locally finite sum p = Y2iPii where 
Pi(x,£) := p(x,£)<p(x) for x E M and £ G T*M, and interpret each p, as a matrix-valued 

function on B 2e {xi) x C m . Then for all multi-indices a and fd there must exist a constant 
C ay < 

oo such that for all i and all x, £ we have 


||D”.Dfp,P,?)|| <CW>(1 + |?|)*-W. 

We denote the vector space all symbols of order k E Z by Symb k (E, F). 


(2.5) 


From Lemma |2.3| and Lemma 2ffi we conclude that the above definition of symbols 
does neither depend on the chosen uniformly locally finite covering of M through normal 
coordinate balls, nor on the subordinate partition of unity (as long as the functions {<Pi} 
have uniformly bounded derivatives), nor on the synchronous framings of E and F. 

If all the choices above are fixed, we immediately see from the definition of pseudodif¬ 
ferential operators that an operator P G UTDO k (E,F) has a symbol p G Symb k (E, F). 
Analogously as in the case of compact manifolds]^] we may show that if we make other 
choices for the coordinate charts, subordinate partition of unity and synchronous framings, 
the symbol p of P changes by an element of Symb k ~ 1 (E,F). So P has a well-defined 
principal symbol class [p] G Symb k (E, F)/Symb k ~ 1 (E, F) =: Symb fc- ^(i?, F). 


22 Recall that we assumed without loss of generality that there is no P_ c^. 

23 Recall that an operator P is supported in a subset K 1 if supp Pu C K for all u in the domain of P 
and if Pu = 0 whenever we have supp uf) K = 0. 

24 see, e.g., |LM89 1 Theorem III.§3.19] 
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Definition 2.35 (Elliptic symbols). Let p E Symb k (E,F). Recall that p is a section of 
the bundle Hom(7r*.E, n*F) over T*M. We will call p elliptic, if there is an R > 0 such 
that p||g|>itp^1 is invertible and this inverse p l satisfies the Inequality (2.5) for a,j3 = 0 
and order — k (and of course only for |£| > R since only there the inverse is defined). 
Note that as in the compact case it follows that p^ 1 satisfies the Inequality (2.5) for all 
multi-indices a, /3. 


The proof of the following lemma is easy. 

Lemma 2.36. If p E Symb k (E,F) is elliptic, then every other representative p' of the 
class [p] E Symb k ~^(E,F) is also elliptic. 

Due to the above lemma we are now able to define what it means for a pseudodifferential 
operator to be elliptic: 

Definition 2.37 (Elliptic UTDOs). Let P E UTDO k (E,F). We will call P elliptic, if 
its principal symbol cr(P) is elliptic. 

The importance of elliptic operators lies in the fact that they admit an inverse modulo 
operators of order — oo. We may prove this analogously as in the case of a compact 
manifold. See also |Kor911 Theorem 3.3] where Kordyukov proves the existence of 
parametrices for his class of pseudodifferential operators (which is our class restricted to 
operators of finite propagation). 

Theorem 2.38 (Existence of parametrices). Let P E UTDO^U, F) be elliptic. 

Then there exists an operator Q E U^DO _fc (F, E) such that 


PQ = id —Si and QP = id — S 2 , 


where S 1 G UTDCT 00 ^) and S 2 E UTDO 


Using parametrices, we can prove a lot of the important properties of elliptic operators, 
e.g., elliptic regularity (which is a converse to Proposition 2.24 and a proof of it may be 
found in, e.g. ]LM89', Theorem III.§4.5]): 


Theorem 2.39 (Elliptic regularity). Let P E UTDO fc (if,F) be elliptic and let further¬ 
more u E H S (E) for some s E Z. 

Then, if Pu is smooth on an open subset U C M, u is already smooth on U. Further¬ 
more, for k > 0: if Pu = Xu on U for some A G C, then u is smooth on U. 


Later we will also need the following fundamental elliptic estimate (the proof from 
|LM891 Theorem III.§5.2(iii)] generalizes directly): 

Theorem 2.40 (Fundamental elliptic estimate). Let P E U4/DO fc (E', F) be elliptic. 
Then for each s GZ there is a constant C s > 0 such that 


IMIrnys) < + \\P u \\H s ~ k (F)) 

for all u E H S (E). 

25 This notation means the following: we restrict p to the bundle Hom(7T*£J, ir*F) over the space 
{(s,0 &T*M | |f| >R} c T*M. 
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Another important implication of ellipticity is that symmetrical elliptic pseudodiffer¬ 
ential operators of positive order are essentially self-adjointp 7 ) We need this since we will 
have to consider functions of pseudodifferential operators. But first we will show that a 
symmetric and elliptic operator is also symmetric as an operator on Sobolev spaces. 

Lemma 2.41. Let P G UTDO^E) with k > 1 be symmetric on L 2 (E) and elliptic. 
Then P is also symmetric on the Sobolev spaces H lk (E) for l G Z, where we use on 
H lk (E) the scalar product as described in the proof. 


Proof. Due to the fundamental elliptic estimate the norm ||u||#o + [|Pm||#o (note that 
H°(E) = L 2 (E ) by definition) on H k {E) is equivalent to the usual 28 1 norm ||u||#k on 

it. Now || u || h° + ll-P^lli? 0 is equivalent to (IMI^o + ||Pu||^ 0 ) ~ which is induced by the 
scalar product 

{u,v) H k tP := (u,v) H o + (Pu,Pv) H o. 

Since P is symmetric for the if°-scalar product, we immediately see that it is also 

symmetric for this particular scalar product (•, •)H k ,p on H k (E). 

To extend to the Sobolev spaces H lk (E) for / > 0 we repeatedly invoke the above 

1 /2 

arguments, e.g., on H 2k {E ) we have the equivalent norm (||u||^ fc p + \\Pu\\ H k ,P ) 
(again due to the fundamental elliptic estimate) which is induced by the scalar product 
(u, v) H k P + (Pu, Pv) H k P and now we may use that we already know that P is symmetric 
with respect to (•, -)H k ,p- 

Finally, for H lk (E) for l < 0 we use the fact that they are the dual spaces to H~ lk (E ) 
where we know that P is symmetric, i.e., we equip H lk (E ) for l < 0 with the scalar 
product induced from the duality: ( u,v) H ik P := (u', v') H -ik P , where u',v' G H~ lk (E) 
are the dual vectors to u,v G H lk (E ) (note that the induced norm on H lk (E ) is exactly 
the operator norm if we regard H lk (E) as the dual space of H~ lk (E)). □ 


Now we get to the proof that elliptic and symmetric operators are essentially self-adjoint. 
Note that if we work with differential operators D of first order on open manifolds we 
do not need ellipticity for this result to hold, but weaker conditions suffice, e.g., that 
the symbol ap of D satisfies sup^.^ \\ctd(x, Oil < 00 (by the way, this condition is 
incorporated in our definition of pseudodifferential operators by the uniformity condition). 
But if we want essential self-adjointness of higher order operators, we have to assume 
stronger conditions (see the counterexample [Tau lop. 


Proposition 2.42 (Essential self-adjointness). Let P G UTDO fc (A) with k > 1 be 
elliptic and symmetrid. Then the unbounded operator P : H lk (E) —y H lk (E) is essentially 
self-adjoint for all l G Z, where we equip these Sobolev spaces with the scalar products as 


described in the proof of the above Lemma 2.fl 


26 This means that we have (Pu,v)l 2 (e) = {u,Pv)l 2 (e) for all u,v £ Cj°(E). 

27 Recall that a symmetric, unbounded operator is called essentially self-adjoint, if its closure is a 
self-adjoint operator. 

28 We have of course possible choices here, e.g., the global norm (2.11 or the local definition (2.2), but 
they are all equivalent to each other since M and E have bounded geometry. 
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Proof. This proof is an adapted version of the proof of this statement for compact 
manifolds from [ TaulO j. 

We will use the following sufficient condition for essential self-adjointness: if we have a 
symmetric and densely defined operator T such that ker(T* ± i) — {0}, then the closure 
T of T is self-adjoint and is the unique self-adjoint extension of T. 

So let u G ker(P* ± i) C H lk (E), i.e., P*u = ±iu. From elliptic regularity we get 
that u is smooth and using the fundamental elliptic estimate for P* 2 jf 
conclude ||u||^+ifc < C k+ i k {\\u\\ H ik+ \\P*u\\ H ik) = 2C k+ i k \\u 
Repeating this argument gives us u G H°°(E), i.e., u lies in the domain of P itself and is 
therefore an eigenvector of it to the eigenvalue ±i. But since P is symmetric we must 
have u = 0. This shows ker(P* ± i) = {0} and therefore P is essentially self-adjoint. □ 


we can then 
H ik < oo, i.e., u G H k+lk (E). 


2.6 Functions of elliptic, symmetric operators 

Let P G Ud / DO fc (P) be an elliptic and symmetric pseudo differential operator of positive 


order k > 1. By Proposition 2.42 we know that P: L 2 (E ) —>- L 2 (E ) is essentially self- 
adjoint. So, if / is a Borel function defined on the spectrum of P, the operator /(P) is 
defined by the functional calculus. In this whole section P will denote such an operator, 
i.e., a symmetric and elliptic one of positive order. 

Given such a pseudodifferential operator P, we will later show that it defines naturally 
a class in uniform /l-homology. For this we will have to consider y(P), where y is a so- 
called normalizing function, and we will have to show that y (P) is uniformly pseudolocal 
and y(P) 2 — 1 is uniformly locally compact. For this we will need the analysis done in 
this section, i.e., this section is purely technical in nature. 

If / is a Schwartz function, we have the formula /(P) = ^== j R f(t)e ltp dt 1 where / is 
the Fourier transform of /. In the case that P = D is an elliptic, first-order differential 
operator and its symbol satisfies sup xeM i^|i =1 ||<Td(T,£)II < the operator e ltD has 
finite propagation (a proof of this may be found in, e.g., [ HR00 . Proposition 10.3.1]) from 
which (exploiting the above formula for f(D)) we may deduce the needed properties of 
y(P) and y(P) 2 — 1. But this is no longer the case for a general elliptic pseudodifferential 
operator P and therefore the analysis that we have to do here in this general case is 
much more sophisticated. 

Note that the restriction to operators of order k > 1 in this section is no restriction 
on the fact that elliptic pseudodifferential operators define uniform Ji-homology classes. 


In fact, if P has order k < 0, then we already know from Proposition 2.33 that P is 
uniformly pseudolocal, i.e., there is no need to form the expression y(P) in order for P 
to define a uniform A'-homology class. 

We start with the following crucial technical lemma which is a generalization of the 
fact that e ltD has finite propagation to pseudodifferential operators. Note that we do not 
have to assume something like sup^g^ || o D (;r,£)|| < oo that we had to for first-order 
differential operators, since such an assumption is subsumed in the uniformity condition 
that we have in the definition of pseudodifferential operators. 


29 Note that P* is elliptic if and only if P is. 
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Lemma 2.43. Let P G U\l/DO A - 1 (i?) be symmetric and elliptic. Then the operator e ltp 
is a quasilocal operator H lk (E) —> H lk ~ k (E ) for all l G Z and tel. 

Proof. This proof is a watered down version of the proof of |MM13l Theorem 3.1]. 

We wiil need the following two facts: 

1- IIII= 1 for all rGZ, where ll-H;*.^ denotes the operator norm of operators 
H lk (E) ’-»■ H lk (E) and 


2 . there is a k > 0 such that || \j), P\ ||s,s—(fc—i) < K ' Tl!j=i ll^hlloo for all smooth 
r] G where N depends onseZ and the dimension of M. 

The first one holds since e ltp is a unitary operator (using Proposition 2.42) and 
the second is due to the facts that by Proposition 2.23 the commutator [?/, P] is a 
pseudodifferential operator of order k — 1 (recall that smooth functions with bounded 
derivatives are operators of order 0) and due to Remark 2.21 (where we have to recall 
the formula how to compute the symbol of the composition of two pseudo different ial 
operators from, e.g., [ LM891 Theorem 111.§3.10]). 

Let L C M and let u G H lk (E ) be supported within L. Furthermore, we choose an 
R > 0 and a smooth, real-valued function r) with rj = 1 on a neighbourhood of supp u. 
rj = 0 on M — Br + i(L) and the first N derivatives of 77 bounded from above by C/R for a 
fixed constant C. Then we have for all v G H lk ~ k {E) that are supported in M — Br + i(L) 

(e ltp u, v) H ik~k = (e ltP 'r]u,v) H ik~k — ( e ltp u,r]v) H ik-k 
= ([e ltp ,7]}u,v) H ik-k, 


i.e., 

for 


[e ltp u, v) H ik~k | < || [e“ 
i ltP ,r)}\ \ik,ik- k - We have 


AtP 


|ifc7fc-fe'|| , u||j ; zife‘||' y lli : z' ifc - fc anc l If remains to give an estimate 


[e itP ^}= / £{e ixtP V e^- x)tp )dx 


= —it 


e ixtP [rp P}e i{ - l ~ x)tp dx 


which gives by factorizing the integrand as 


H lk (E ) 
the estimate 


p i(l — x)tP 


H lk (E ) ^ H lk ~ {k ~ l \E) -G H lk ~ k (E ) H lk ~ k (E ) 


AtP 


Ik,Ik 


-k < \t\ 


N 


h P}\\lk,lk-(k-l)dx < |t| • AC • / y 

3 =1 


ivyn, 


Since HVR/Hoo < C/R for all 1 < j < N, we have shown 

\t\nNC 


\(e ltp u,v) H ik~k\ < 


R 




( 2 . 6 ) 


for all u supported in L and all v in M — B ri+ \(L). Because R > 0 and l G Z, t G M were 
arbitrary, the claim that e ztp is a quasilocal operator H lk (E ) —$■ H lk ~ k (E) for all l G Z 
and t G M follows. □ 
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Corollary 2.44 (cf. |Tay81, Lemma 1.1 in Chapter XII.§1]). Let q{t) be a function on 
M such that for an n G No the functions q(t)\t\, q'(t)\t\, ..., <p”'(t)|i| are integrable, i.e., 
belong to L 1 (M). 

Then the operator defined by J R q(t)e ltp dt is for all l G Z a quasilocal operator 
jjik-nk+k (_£) }{ lk {E), i.e., is of order —nk + k. 

Proof. Let Q G U4/DO ~ k (E) be a parametrix for P , i.e., PQ = id —Si and QP = id —S 2 , 
where 5j, S 2 G U'LD0“ 0O (if). Integration by parts n times yields: 


(■ iQ) n I q (n \t)e ltp dt = [iQ) n (—iP) n I q(t)e itP dt = (id-S 2 ) n / q(t)e itP dt. (2.7) 


AtP 


itP , 


AtP, 


Since q(t)\t\ and q ^ n \t)\t\ are integrable and due to the Estimate (2.6), we conclude 
with Lemma 


2.43 


that both integrals f R q(t)e ltP dt and J R q' n f t)e ttP dt define quasilocal 
operators of order k on H lk (E). Note that for f R q(t)e ttP dt this is just a first result which 
we will need now in order to show that the order of this operator is in fact lower. 

Now (id — £ 2 )" = id + Xq=i ('}) (~SzV aR d the sum is a quasilocal smoothing operator 
because S 2 is one. Since the composition of quasilocal operators is again a quasilocal 
operator (see |Roe88a „ Proposition 5.2]), we conclude that the second summand R of 


(id-S 2 ) n / q(t)e itp dt= / q(t)e itp dt + J2[ n )(-S 2 ) j / qfi)e itp dt (2.8) 

j _ 1 'kH / t/]R 

v -v- / 

= -.R 


is also a quasilocal smoothing operator. Now Equations (2.7) and (2.8) together yield 


q(t)e itp dt = {iQ) n I q w (t)e up dt - R, 


Hi 


AtP , 


from which the claim follows. 

Recall that if / is a Schwartz function, then the operator f(P) is given by 

1 


f(P) = 


f{t)e ltp dt , 




□ 


(2.9) 


where / is the Fourier transform of /. Since / is also a Schwartz function, it satisfies the 


2.22 


assumption in Corollary 2.44 for all n G No, i.e., f(P) is a quasilocal smoothing oper ator 
Applying this argument to the adjoint operator f(P)* = f{P), we get with Lemma 
our next corollary: 

Corollary 2.45. If f is a Schwartz function, then f(P) G U v hDO~°°(E'). 


Recall from Spa09, Lemma 4.2] that the uniformly pseudolocal operators form a 
C*-algebra and that, the uniformly locally compact operators form a closed, two-sided 
*-ideal in there. Since Schwartz functions are dense in Cq(M) and quasilocal smoothing 


operators are uniformly locally compact (Corollary 2.30), we get with the above corollary 
that g(P) is uniformly locally compact if g G Cq( 


27 

















Corollary 2.46. Let g G Co(M). Then g(P) is uniformly locally compact. 

Now we turn our attention to functions which are more general than Schwartz functions. 
To be concrete, we consider functions of the following type: 

Definition 2.47 (Symbols on M). For arbitrary m G Z we define 

S m {R) := {/ G C°°(M) | \f {n) (x)\ < C n { 1 + |x|) m_n for all n G N 0 }. 


Note that we have <S(M) = P| m 5 m (M), where «S(M) denotes the Schwartz space. 

Let us state now the generalization of |Roe88ai Theorem 5.5] from operators of Dirac 
type to pseudo differential operators: 


Proposition 2.48 (cf. [ Roe88a i Theorem 5.5]). Let f G S m (R). Then for all l G Z the 
operator f(P ) is a quasilocal operator of order mk on the Sobolev spaces H lk (E), i.e., 
f(P ): H lk (E ) —>• H lk ~ mk (E). 


The proof of it is analogous but more technical since the operators e ltp are only 


quasilocal (Lemma 2.43) contrary to the operators e ltD which have finite propagation 
e.g., |Roe88al Theorem 1.3]). Moreover, we need Corollary 2.44 and the techniques 


see, 


developed in its proof for the adaption of [ Roe88ai Theorem 5.5] to our case. 

At last, let us turn our attention to a result regarding differences if(P) — if{P') of 
operators defined via functional calculus. We will need the following proposition in the 
proof of the proposition where we show that elliptic pseudodifferential operators with 
the same symbol define the same uniform A'-homology class. 

Proposition 2.49 ([ 11 HOP . Proposition 10.3.7ru). Let if be a bounded Borel function 


whose distributional Fourier transform if is such that the product sif(s ) is in L 1 ( 

If P and P’ are symmetric and elliptic pseudodifferential operators of positive order 
k > 1 such that their difference P — P' has order qk, then we have for all l G Z 


|| lf{P) ~ lf{P')\\lk,lk-qk < CV ' ll-P — P'\\lk,lk-qk, 

where the constant — fz f |s^(s)|ds does not depend on the operators. 

Proof. We first assume that if is compactly supported and that sif(s ) is a smooth 
function. Then we use the result [HROO, Proposition 10.3. 50 which is a generalization 
of Equation 2.9 to more general functions than Schwartz functions, and get 


&(P)-^P'))u,v) Hik _ <k = - /<(e‘ 


isP _ fP'SP' 


)u , 


v ) ■ if(s)ds , 

JJlk-qk 


30 The cited proposition requires additionally a common invariant domain for P and P'. In our case 
here this domain is given by, e.g., H°°(E). 

31 Though stated there only for differential operators, its proof also works word-for-word for pseudodif¬ 
ferential ones. 
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for all u,v G C™(E). From the Fundamental Theorem of Calculus we get 


e isP_ e isP'\ u \ =i 

' / H lk- q k 


(e itP (P - P')e i{s ' t)P ') u,v) dt 

v v 7 7 / H lk ~9 k 


and therefore 


((e lsP - e lsP ')u,v\ < S ■ \\P~ P'\\lk,lk-qk ■ \H\ik ■ \\v\\lk-qk- 

\ / jjlk — qk 


Putting it all together, we get 


^ )) ^ Ctj) ■ || P P || Ik,Ik—qk ‘ | U || ifc ‘ ||^ || Ik—qk- 

Now the general claim follows from an approximation argument analogous as at the 
end of the proof of [HROOl Proposition 10.3.5]. □ 


3 Uniform iv-homology 

Since we are considering uniform pseudo differential operators, we need a A'-homology 
theory that incorporates into its definition this uniformity. Such a theory was introduced 
by Spakula and the goal of this section if to revisit it and to prove vertain properties 
(existence of the Kasparov product and deducing from it homotopy invariance of uniform 
A'-homology) that we will crucially need later and which were not proved by Spakula. 
Furthermore, we will use in Section |3.5| homotopy invariace to deduce useful facts about 
the rough Baum-Connes assembly map. 

3.1 Definition and basic properties of uniform /C-homology 

Let us first recall briefly the notion of multigraded Hilbert spaces. 

A graded Hilbert space is a Hilbert space H with a decomposition H = H + © H~ into 
closed, orthogonal subspaces. This is equivalent to the existence of a grading operator e 
such that its ±l-eigenspaces are exactly H ± and such that e is a selfadjoint unitary. 

If H is a graded space, then its opposite is the graded space H op whose underlying 
vector space is H , but with the reversed grading, i.e., ( H° v ) + = H~ and (H op )~ = H + . 
This is equivalent to Eh°p = — Eh- 

An operator on a graded space H is called even if it maps H ± again to H ± ) and it is 
called odd if it maps H ± to H T . Equivalently, an operator is even if it commutes with 
the grading operator e of H , and it is odd if it anti-commutes with it. 

Definition 3.1 (Multigraded Hilbert spaces). Let p G No- A p-multigraded Hilbert space 
is a graded Hilbert space which is equipped with p odd unitary operators e±,... ,e p such 
that €i€j + EjEi = 0 for i ^ j, and = — 1 for all j. 

Note that a 0-multigraded Hilbert space is just a graded Hilbert space. We make the 
convention that a (—l)-multigraded Hilbert space is an ungraded one. 
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Definition 3.2 (Multigraded operators). Let H be a p-multigraded Hilbert space. Then 
an operator on H will be called multigraded, if it commutes with the multigrading 
operators e \,..., e p of H. 

Let us now recall the usual definition of multigraded Fredholm modules, where X is a 
locally compact, separable metric space: 

Definition 3.3 (Multigraded Fredholm modules). Let p £ Z>_!. A p-multigraded 
Fredholm module ( H , p, T) over X is given by the following data: 

• a separable p-multigraded Hilbert space H, 

• a representation p: Co(X) —>• 23 (H) by even, multigraded operators and 

• an odd multigraded operator T £ 23 (H) such that 

— the operators T 2 — 1 and T — T* are locally compact and 

— the operator T itself is pseudolocal. 

Here an operator S is called locally compact, if for all / £ Co (A") the operators 
p(f)S and Sp(f) are compact, and S is called pseudolocal, if for all / £ Co(A) the 
operator [S, p(/)] is compact. 

Let us define 


L-Lip R (A") := {/ £ C c (A) | / is L-Lipschitz, diam(supp /) < R and ||/||oc < 1}. 

Definition 3.4 (|Spa09, Definition 2.3]). Let T £ 23( FI ) be an operator on a Hilbert 
space H and p: C 0 (A") —>- 23(//) a representation. 

We say that T is uniformly locally compact, if for every R, L > 0 the collection 

{ P (f)T, Tp(f) \feL-Up R (X)} 


is uniformly approximable (Definition 2.25). 

We say that T is uniformly pseudolocal, if for every R,L > 0 the collection 

{[?>(/)] |/e£-Lip H (X)} 

is uniformly approximable. 

Note that by an approximation argument we get that the above defined collections are 
still uniformly approximable if we enlargen the definition of L- Lip R (X) from / £ C c (X) 
to / £ C 0 (,V). 

The following lemma states that on proper spaces we may drop the L-dependence for 
uniformly locally compact operators. 

Lemma 3.5 ((Spa09, Remark 2.5]). Let X be a proper space. If T is uniformly locally 
compact, then for every R > 0 the collection 


{. p(f)T,Tp(f) | / £ C c (X), diam(supp /) < R and H/Hoo < 1} 
is also uniformly approximable (i.e., we can drop the L-dependence). 
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Note that an analogous lemma for uniformly pseudo local operators does not hold. 
We may see this via the following example: if we have an operator D of Dirac type 
on a manifold M and if g is a smooth function on M , then we have the equation 
([D, g]u)(x) = a d(x, dg)u(x), where u is a section into the Dirac bundle S on which D 
acts, ctd(x,£) is the symbol of D regarded as an endomorphism of S x and £ £ T*M. So 
we see that the norm of [D,g] does depend on the first derivative of the function g. 


Definition 3.6 (Uniform Fredholm modules, cf. |Spa09, Definition 2.6]). A Fredholm 
module (Ft, p, T) is called uniform , if T is uniformly pseudolocal and the operators T 2 — 1 
and T — T* are uniformly locally compact. 


For a totally bounded metric space uniform Fredholm modules are the same as usual 
Fredholm modules. Since Spakula does not give a proof of it, we will do it now: 


Proposition 3.7. Let X be a totally bounded metric space. Then every Fredholm module 
over X is uniform. 


Proof. Let (Ft, p, T) be a Fredholm module. 

First we will show that T is uniformly pseudolocal. We will use the fact that the set 
L- Lip^(A) C C(X) is relatively compact (i.e., its closure is compact) by the Theorem 
of Arzela-Ascoli p 2 ] Assume that T is not uniformly pseudolocal. Then there would be 
R,L > 0 and e > 0, so that for all N > 0 we would have an /jy £ L- Lip i? (A) such that 
for all rank-TV operators k we have || [T, p(/n)\ — k\\ > e. Since L- Lip^(A) is relatively 
compact, the sequence f n has an accumulation point f a0 £ L- Lip ri (A). Then we have 
\\[T,p(foo)] — k || > e/2 for all finite rank operators k, which is a contradiction. 

The proofs that T 2 — 1 and T — T* are uniformly locally compact are analogous. □ 


A collection (Ft, p, T t ) of uniform Fredholm modules is called an operator homotopy if 
t T t £ 05 (H) is norm continuous. As in the non-uniform case, we have an analogous 
lemma about compact perturbations: 


Lemma 3.8 (Compact perturbations, cf. Spa09 e Lemma 2.16]). Let (. H,p,T ) be a 
uniform Fredholm module and K £ 05 (H) a uniformly locally compact operator. 

Then (Ft, p, T) and (Ft, p, T + K ) are operator homotopic. 


Definition 3.9 (Uniform A-homology, cf. Spa09, Definition 2.13]). We define the 


uniform K-homology group Kf(X) of a locally compact and separable metric space X to 
be the abelian group generated by unitary equivalence classes of p-multigraded uniform 
Fredholm modules with the relations: 


• if x and y are operator homotopic, then [x] = [y\, and 

• l x ] + [y\ = [ x ®y\-, 

where x and y are p-multigraded uniform Fredholm modules. 

32 Since Lipschitz functions are uniformly continuous they have a unique extension to the completion X 
of A'. Since A' is compact, Arzela-Ascoli applies. 
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All the basic properties of usual /l-homology do also hold for uniform A'-homology 
(e.g., that degenerate uniform Fredholm modules represent the zero class, that we have 
formal 2-periodicity Kf(X) = Ji“ +2 (A") for all p > —1, etc.). 

For discussing functoriality of uniform K -homology we need the following definition: 


Definition 3.10 (Uniformly cobounded maps, Spa09, Definition 2.15]). Let us call a 
map g: X —> Y with the property 


supdiam(c/ 1 (B r (y))) < oo for all r > 0 

y& 


unifonnly cobounded^] 

Note that if X is proper, then every uniformly cobounded map is proper (i.e., preimages 
of compact subsets are compact). 


The following lemma about functoriality of uniform A'-homology was proved by Spakula 
(see the paragraph directly after Spa09 Definition 2.15]). 


Lemma 3.11. Uniform K-homology is functorial with respect to uniformly cobounded, 
proper Lipschitz maps, i.e., if g: X —> Y is uniformly cobounded, proper and Lipschitz, 
then it induces maps g*: Kf(X) —> Kf(Y) on uniform K-homology via 


g*[(H, p, T)] := [(H,pog*,T)\, 


where g *: Co(D) —> C' 0 (A) , / e-)■ / o g is the by g induced map on functions. 


Recall that A'-homology may be normalized in various ways, i.e., we may assume that 
the Fredholm modules have a certain form or a certain property and that this holds also 
for all homotopies. 

Combining Lemmas 4.5 and 4.6 and Proposition 4.9 from |Spa09|, we get the following: 
Lemma 3.12. We can normalize uniform K-homology Kf(X) to involutive modules. 


The proof of the following Lemma 3.13 in the non-uniform case may be found in, e.g., 
[ HROO , Lemma 8.3.8]. The proof in the uniform case is analogous and the arguments 
similar to the ones in the proofs of Spa09, Lemmas 4.5 & 4.6]. 

Lemma 3.13. Uniform K-homology Kf(X) may be normalized to non-degenerate Fred¬ 
holm modules, i.e., such that all occuring representations p are non-degenerate 3 ^ 


Note that in general we can not normalize uniform A'-homology to be simultaneously 
involutive and non-degenerate, just as usual A'-homology. 

Later we will also have to normalize Fredholm modules to finite propagation. But this 
is not always possible if the underlying metric space X is badly behaved. Therefore we 
get now to the definition of bounded geometry for metric spaces. 

33 Block and Weinberger call this property effectively proper in (BW92| . The author called it uniformly 
proper in his thesis |Engl4| . 

34 This means that p(Co(X))H is dense in H. 
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Definition 3.14 (Coarsely bounded geometry). Let A" be a metric space. We call a 
subset r C X a quasi-lattice if 


• there is a c > 0 such that BJT) = X (i.e., Y is coarsely dense ) and 


• for all r > 0 there is a K r > 0 such that ^(m B r (y )) < K r for all y G X. 


A metric space is said to have coars 


ely bounded geometr^ \ if it admits a quasi-lattice. 


Note that if we have a quasi-lattice F c A", then there also exists a uniformly discrete 
quasi-lattice T' C A". The proof of this is an easy application of the Lemma of Zorn: 
given an arbitrary 6 > 0 we look at the family A of all subsets AcT with d(x , y) > 6 for 
all x,y G A. These subsets are partially ordered under inclusion of sets and every totally 
ordered chain Ai C A 2 C ... C T has an upper bound given by the union (J,. A, G A. So 
the Lemma of Zorn provides us with a maximal element L' G A. That T' is a quasi-lattice 
follows from its maximality. 

Examples 3.15. Every Riemannian manifold M of bounded geometryp’] is a metric space 
of coarsely bounded geometry: any maximal set T C M of points which are at least 
a fixed distance apart (i.e., there is an £ > 0 such that d(x,y ) > £ for all x 7 - ?/ G T) 
will do the job. We can get such a maximal set by invoking Zorn’s lemma. Note that a 
manifold of bounded geometry will also have locally bounded geometry, so no confusion 
can arise by not distinguishing between “coarsely” and “locally” bounded geometry in the 
terminology for manifolds. 

If (A, d) is an arbitrary metric space that is bounded, i.e., d{x, x') < D for all x, x' G X 
and some D , then any finite subset of X will constitute a quasi-lattice. 

Let K be a simplicial complex of bounded geometnj^J Equipping K with the metric 
derived from barycentric coordinates, the set of all vertices becomes a quasi-lattice in K. 


If A" has coarsely bounded geometry it will be crucial for us that we can normalize 
uniform A'-homology to uniform finite propagation, i.e., such there is an R > 0 depending 
only on A" such that every unifor m Fredholm module has propagation at most This 
was proved by Spakula in Spa09 Proposition 7.4]. Note that it is in general not possible 
to make this common propagation R arbitrarily small. Furthermore, we can combine the 
normalization to finite propagation with the other normalizations. 


Proposition 3.16 ( Spa09, Section 7]). If X has coarsely bounded geometry, then there 
is an R > 0 depending only on X such that uniform K-homology may be normalized to 
uniform Fredholm modules that have propagation at most R. 

Furthermore, we can additionally normalize them to either involutive m.odules or to 
non-degenerate ones. 


35 Note that most authors call this property just “bounded geometry”. But since later we will also have 
the notion of locally bounded geometry, we use for this one the term “coarsely” to distinguish them. 
36 That is to say, the injectivity radius of M is uniformly positive and the curvature tensor and all its 
derivatives are bounded in sup-norm. 

37 That is, the number of simplices in the link of each vertex is uniformly bounded. 

38 This means p{f)Tp{g) = 0 if d(supp /, supp g) > R. 
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Having discussed the normalization to finite propagation modules, we can now compute 
an easy but important example: 


Lemma 3.17. Let Y be a uniformly discrete, proper metric space of coarsely bounded 
geometry. Then Kf(Y) is isomorphic to the group £^(Y) of all bounded, integer-valued 
sequences indexed by Y, and K^(Y) = 0. 


Proof. We use Proposition 3.16| to normalize uniform X-homology to operators of finite 
propagation, i.e., there is an R > 0 such that every uniform Fredholm module over Y 
may be represented by a module ( II. p. T ) where T has propagation no more than R 
and all homotopies may be also represented by homotopies where the operators have 
propagation at most R. 

Going into the proof of Proposition 3.16 we see that in our case of a uniformly discrete 
metric space Y we may choose R less than the least distance between two points of Y, i.e., 
0 < R < inf x^y&Y d(x, y ). So given a module ( H , p, T) where T has propagation at most 
R, the operator T decomposes as a direct sum T = © ye y T y with T y : H y —> H y . The 
Hilbert space H y is defined as H y := p(\y)H , where Xy is the characteristic function of 
the single point y G T. Note that \y is a continuous function since the space Y is discrete. 
Hence (. H,p,T) = ®{H y ,p y ,T y ) with p y : C 0 {Y) -X f p(x y )p(f)p(x y )■ Now 

each ( H y , p y , T y ) is a Fredholm module over the point y and so we get a map 


K:(Y) -*■ P K;(y). 

y& 

Note that we need that the homotopies also all have propagation at most R so that 
the above defined decomposition of a uniform Fredholm module descends to the level of 
uniform K -homology. 

Since a point y is for itself a compact space, we have Kf(y) = K*(y), and the 
latter group is isomorphic to Z for * = 0 and it is 0 for * = 1. Since the above map 
k;(Y) -> n e y Kf(y) is injective, we immediately conclude Kf{Y) = 0. 

So it remains to show that the image of this map in the case * = 0 consists of the bounded 
integer-valued sequences indexed by Y. But this follows from the uniformity condition in 
the definition of uniform A'-homology: the isomorphism K$(y) = Z is given by assigning 
a module (H y , p y ,T y ) the Fredholm index of T (note that T y is a Fredholm operator 
since (H y , p y ,T y ) is a module over a single point). Now since ( H,p,T ) = Q)(H y , p y ,T y ) 
is a uniform Fredholm module, we may conclude that the Fredholm indices of the single 
operators T y are bounded with respect to y. □ 


3.2 Differences to Spakula’s version 


We will discuss now the differences between our version of uniform A'-homology and 


Spakula’s version from Spa08 and Spa09 


Firstly, our definition of uniform A'-homology is based on multigraded Fredholm 
modules and we therefore have groups K* (X ) for all p > —1, but Spakula only defined 
Kq and Kf. This is not a real restriction since uniform A'-homology has, analogously as 
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usual K -homology, a formal 2-periodicity, i.e., there are only two essentially different 
n cinu_ . We mention this since if the reader wants to look up the original 


groups: Ii{{ and A']' 


reference Spa08 and Spa09 , he has to keep in mind that we work with multigraded 


modules, but Spakula does not. 

Secondly, Spakula gives the definition of uniform A'-homology only for pr operp*] metric 
spaces. The reason for this is that certain results of him (Sections 8-9 in |Spa09|) only 
work for proper spaces. This results are all connected to the rough assembly map 
fx u \ K™(X) —> K*(C*(Y)), where Y C X is a uniformly discrete quasi-lattice, and this is 
nor surprising: the (uniform) Roe algebra only has on proper spaces nice properties (like 
its A'-theory being a coarse invariant) and therefore we expect that results of uniform 
A'-homology that connect to the uniform Roe algebra also should need the properness 
assumptions on the sp ace X . But we can see by looking into the proofs of Spakula in all 
the other sections of |Spa09] that all results except the ones in Sections 8-9 also hold 
for locally compact, separable metric spaces (without assumptions on completeness or 
properness). Note that this is a very crucial fact for us that uniform A'-homology does 
also make sense for non-proper spaces since in the proof of Poincare duality we will have 
to consider the uniform A'-homology of open balls in M n . 

Thirdly, Spakula uses the notion “A-continuous” instead of “A-Lipschitz” for the 
definition of L-Lip R (X ) (which he also denotes by Cr^X), i.e., we have also changed 
the notation), so that he gets slightly differently defin ed uniform Fredholm modules. 
But the author was not able to deduce Proposition 3.7 with Spakula’s definition, which 
is why we have changed it to “A-Lipschitz” (since the statement of Proposition 3.7 is 
a very desirable one and, in fact, we will need it crucially in the proof of Poincare 
duality). Spakula noted that for a geodesic metric space both notions (A-continuous and 
A-Lipschitz) coincide, i.e., for probably all spaces which one wants to consider ours and 
Spakula’s definition coincide. But note that all the results of Spakula do also hold with 
our definition of uniform Fredholm modules, i.e., changing the definition to ours does 
not affect the validity of his results. 

And last, let us get to the most crucial difference: to define uniform A'-homology 
Spakula does not use operator homotopy as a relation but a weaker form of homotopy 
( Spa09, Definition 2.11]). The reasons why we changed this are the following: firstly, the 
definition of usual A'-homology uses operator homotopy and it seems desirable to have 
uniform A'-homology to be similarly defined, i.e., just imposing an additional condition 


on the Fredholm modules. Secondly, Spakula’s proof of |Spa09, Proposition 4.9] is not 
correct under his notion of homotopy, but it becomes correct if we use operator homotopy 
as a relation. So by changing the definition we ensure that |Spa09, Proposition 4.9] 
does hold. And thirdly, we prove in Section [3.4| that we would get the same uniform 
A'-homology groups if we impose weak homotopy (Definition |3.27[ ) as a relation instead 
of operator homotopy. Though our notion of weak homotopies is different from Spakula’s 


notion of homotopies, all the homotopies that he constructs in his paper Spa09 


are 


weak homotopies, i.e., all the results of him that rely on his notion of homotopy are also 
true with our definition. 


39 That means that all closed balls are compact. 
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To put it into a nutshell, we changed the definition of uniform /t-homology in order to 
make the definition similar to one of usual .ff-homology and to correct Spakula’s proof of 


Spa09 Proposition 4.9]. It also seems to be easier to work with our version. Furthermore, 

ution. And last, we remark that his results, 
also hold for non-proper, non-complete spaces. 


all of his results do also hold in our definition. And last, we remark that his results, 
besides the ones in Sections 8-9 in 


Spa09 


3.3 External product 


Now we get to one of the most important technical parts in this article: the construction 
of the external product for uniform A'-homology. Its main application will be to deduce 
homotopy invariance of uniform A-homology. 

Note that we can construct the product only if the involved metric spaces have jointly 
bounded geometry (which we will define in a moment), and since this property is crucially 
used, the author does not see any way to overcome this requirement. But fortunately, 
both major classes of spaces on which we want to apply our theory, namely manifolds 
and simplicial complexes of bounded geometry, do have jointly bounded geometry. 


Definition 3.18 (Locally bounded geometry, Spal O, Definition 3.1]). A metric space 
X has locally bounded geometry , if it admits a countable Borel decomposition X = UX, : 
such that 


• each X t has non-empty interior, 

• each Xi is totally bounded, and 

• for all £ > 0 there is an N > 0 such that for every X % there exists an e-net in X % of 
cardinality at most N. 

Note that Spakula demands in his definition of “locally bounded geometry” that the 
closure of each Xi is compact instead of the total boundedness of them. The reason for 
this is that he considers only proper spaces, whereas we need a more general notion to 
encompass also non-complete spaces. 

Definition 3.19 (Jointly bounded geometry). A metric space X has jointly coarsely 
and locally bounded geometry, if 


it admits a countable Borel decomposition A" = UAj satisfying all the properties of 
the above Definition 3.18 of locally bounded geometry, 

it admits a quasi-lattice Tel (i.e., X has coarsely bounded geometry), and 


• for all r > 0 we have sup yer #{i \ B r (y) D X t 7 ^ 0} < oo. 

The last property ensures that there is an upper bound on the number of subsets X\ that 
intersect any ball of radius r > 0 in X. 
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Examples 3.20. Recall from Examples 3.15| that manifolds of bounded geometry and 
simplicial complexes of bounded geometry (i.e., the number of simplices in the link of 
each vertex is uniformly bounded) equipped with the metric derived from barycentric 
coordinates have coarsely bounded geometry. Now a moment of reflection reveals that 
they even have jointly bounded geometry. 

In the next Figure [I] we give an example of a space A" having coarsely and locally 
bounded geometry, but where the quasi-lattice T and the Borel decomposition X = UA* 
are not compatible with each other: 


r - w x 



Figure 1: Coarsely and locally bounded geometry, but they are not compatible. 


In our construction of the product for uniform K -homology we follow the presentation 
in [ HR00 . Section 9.2], where the product is constructed for usual K -homology. 

Let X\ and X 2 be locally compact and separable metric spaces and both having jointly 
bounded geometry, (Hi,pi,T{) a pi-multigraded uniform Fredholm module over the 
space X\ and ( H 2 , p 2 ,T 2 ) a p 2 -niultigraded module over X 2 , and both modules will be 
assumed to have finite propagation (see Proposition 3.16). 


Definition 3.21 (cf. |HR001 Definition 9.2.2]). We define p to be the tensor product 
representation of Cq(Xi x A 2 ) = Co(Ad) 0 Cq(X 2 ) on H := Hi®H 2l i.e., 


p(/i 0/ 2 ) = Pi(/i)0p 2 (/ 2 ) e <3(770 ®<B(tf 2 ) 
and equip Hi ®F 2 with the induced (p\ + p 2 )-multigradinj^| 

40 The graded tensor product Hi 0 H 2 is (pi + P 2 ) _mu ltigraded if we let the multigrading operators £j of 
H 1 act on the tensor product as 

tj(v 1 0 v 2 ) := (—l) des ^ 2 hj(i>i) 0 v 2 

for 1 < j < pi, and for 1 < j < p 2 we let the multigrading operators e Pl +j of H 2 act as 

e Pl+j (v 1 0 v 2 ) := vi 0 e pi+j (v 2 ). 
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We say that a (pi + p> 2 ) - inn 11 igr ade d uniform Fredholm module ( H , p, T) is aligned 
with the modules (i?i,pi,Ti) and (H 2 , p 2 ,T 2 ), if 

• T has finite propagation, 

• for all / G Co (Ah x X 2 ) the operators 

p(f) (AT, 01) + (Tx 0 l)T)p(f) and p(f) (T( 10 T 2 ) + (1 0 T 2 )T)p(f) 
are positive modulo compact operators]^] and 

• for all / G C 0 (Ah x A 2 ) the operator p(/)T derives &(Hi) ®23(X 2 ), i.e., 

\p(f)T,Si(H 1 )®*B(H 2 )] C ^00 05(^2). 

Since both H and p are uniquely determined from Hi, p\, H 2 and p 2 , we will often just 
say that T is aligned with T\ and T 2 . 

Our major technical lemma is the following one. It is a uniform version of Kasparov’s 
Technical Lemma, which is suitable for our needs. 

Lemma 3.22. Let Ah and X 2 be locally compact and separable metric spaces that have 
jointly coarsely and locally bounded geometry. 

Then there exist commuting, even, multigraded, positive operators Ah, N 2 of finite 
propagation on H := H i 0 H 2 with X 2 + X| = 1 and the following properties: 

1. Xr^T 2 — l)pi(f) 0 1 | / G L-Lip iJ ,(Ah)} C J£(Xi 0 H 2 ) is uniformly approximable 
for all R',L > 0 and analogously for ( T'* — 2h)pi(/) and for [Ti,pi(/)j instead of 
(Tf-l) Pl (f), 

2. N 2 -{l 0(T 2 2 — l)p 2 (/) | / G L- Lip i? /(Ah)} C ® H 2 ) is uniformly approximable 
for all R!,L > 0 and analogously for (Tj — T 2 )p 2 (/) and for [T 2 ,p 2 (/)] instead of 
(T 2 -l)p 2 (/), 

3. {[X i ,T 1 0l]p(/), [X i; 1 0T 2 ]p(/) | / G L-Lip R ,(Xi x X 2 )} is uniformly approx¬ 
imable for all R !, L > 0 and both i = 1,2, 

4■ {[Ni,p(f ® 1)], [W,p(l 0 g)] | / G L-Up R ,(X x ),g G L-Lip R ,(X 2 )} is uniformly 
approximable for all R ’, L > 0 and both i = 1, 2, and 

5. both N\ and X 2 derive ^(Xi) 0 23(X 2 ). 

Proof. Due to the jointly bounded geometry there is a countable Borel decomposition 
{X 1; j} of X\ such that each X^j has non-empty interior, the completions {Ah,*} form an 
admissible clas^Jof compact metric spaces and for each R > 0 we have 

sup #{.7 | ^(Xi,*) n Ahj # 0} < oo. (3.1) 

i 

41 That is to say, they are positive in the Calkin algebra 03 {H)/&{H). 

42 This means that for every e > 0 there is an X > 0 such that in every X- X i exists an e-net of cardinality 
at most N. 
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The completions of the 1-balls Bi(Xi t i) are also an admissible class of compact metric 
spaces and the collection of these open balls forms a uniformly locally finite open cover 
of X\. We may find a partition of unity (pi^ subordinate to the cover such 

that every function is L 0 -Lipschitz for a fixed L 0 > 0 (but we will probably have 
to enlarge the value of L 0 a bit in a moment). The same holds also for a countable 
Borel decomposition {X 2 ,i} of A 2 and we choose a partition of unity <p 2 ,i subordinate 
to the cover {B i(A" 2 y)} such that every function p 2 ,i is also Lo-Lipschitz (by possibly 
enlargening Lq so that we have the same Lipschitz constant for both partitions of unity). 

Since {B\(Xi j)} is an admissible class of compact metric spaces, we have for each 
e > 0 and L > 0 a bound independent of i on the number of functions from 


<Pi yi ■ L-Lip c (A!) := • / | / is L-Lipschitz, compactly supported and 


< 1 } 


to form an e-net in tpi^ ■ L- Lip c (Aj). and analogously for X 2 (this can be proved by a 
similar construction as the one from SpajLO, Lemma 2.4]). We denote this upper bound 
by C £ , l . 

Now for each JVeN and i G N we choose Ci/n ,n functions {f k N }k=i,...,c 1/NN from 
(pi t i ■ N- Lip c (Ai i j) constituting an l/A-netj^j Analogously we choose C\/n,n functions 
{Sk N }k=i,...,c 1/N:N from tp> 2 ,i • A”- Lip c (A 2i j) that are 1/A-nets. 


We choose a sequence {u n <8> 1} C Q3(iLi) ® i; B(H 2 ) of operators in the following way: 
u n will be a projection operator onto a subspace U n of H To define this subspace, we 
first consider the operators 


P? - l) Pl (/), (Ti - and[Ti, Pl (/)] 


(3.2) 


for suitable functions / G Co(Ai) that we will choose in a moment. These operators are 
elements of 8.(H 1 ) since (ifi,pi,Tj) is a Fredholm module. So up to an error of 2~ n they 
are of finite rank and the span V n of the images of these finite rank operators will be the 
building block for the subspace U n on which the operator u n project^] (i.e., we will say 
in a moment how to enlarge V n in order to get U n ). We choose the functions / G Co(Ab) 
as all the functions from the set \J{f k N }k=i,...,c 1/NN , where the union ranges over all 
iGN and 1 < N < n. Note that since the Fredholm module (Hi, pi,Ti) is uniform, the 
rank of the finite rank operators approximating (3.2) up to an error of 2~ n is bounded 


from above with a bound that depends only on N and n, but not on i nor k. Since we 
will have V n C U n , we can already give the first estimate that we will need later: 


(u n <i> l)(a; ® 1) — (x<8)l) || < 2" 


(3.3) 


43 If we need less functions to get an 1/A-net, we still choose of them. This makes things easier 

for us to write down. 

44 This finite rank operators are of course not unique. Recall that every compact operator on a Hilbert 
space H may be represented in the form A„(/„, -)g n , where the values A ra are the singular 

values of the operator and {/ n }, {<?«} are orthonormal (though not necessarily complete) families in 
H (but contrary to the A„ they are not unique). Now we choose our finite rank operator to be the 
operator given by the same sum, but only with the \ n satisfying X n > 2~ n . 
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where x is one of the operators from (|3.2l) for all f!’ N with 1 < N < n| 45 Moreover, 


denoting by xi,i the characteristic function of B i(Ad,i), then pi(xi,i) ■ Ki is a subspace 
of Hi of finite dimension that is bounded independently of | The reason for this is 
because Tj has hnite propagation and the number of functions fp v for hxed N is bounded 
independently of i. For all n we also have V n C V n+ i and that the projection operator 
onto V n has finite propagation which is bounded independently of n. 

For each n G N we partition Xi,i for all i G N into disjoint characteristic functions 
Xi,i — 1 Xi’” such that we may write each function f k N for all i G N, 1 < N < n 

and k = 1,..., C'i/jv.v up to an error of 2 _n_1 as a sum f l k ' N = J2f=i a k N (ji n ) ' Xi 
for suitable constants a l k N (j,n). Note that since X\ has jointly coarsely and locally 
bounded geometry, we can choose the upper bounds J n such that they do not depend 
on i. Now we can dually set U n as the linear span of V n and Pi(xi’i) ' W for all i G N 
and 1 < j < J n . Note that pi(xi,i) ■ U n is a subspace of Hi of hnite dimension that is 
bounded independently of i, that we may choose the characteristic functions Xil such 
that we have U n C U n+ 1 (by possibly enlargening each J n ), and that the projection 
operator u n onto U n has Hnite propagation which is bounded independently of n. Since 
we have [u n , P\{Xii)\ = 0 f° r alii G N, 1 < j < J n and all n G N, we get our second 
crucial estimate: 

(3.4) 


[U n ®l, pl{fk N ) 


< T 


for all i G N, k — 1,..., Cj /n,n^ 1 < N < n and all n G N. 

By an argument similar to the proof of the existence of quasicentral approximate units, 
we may conclude that for each n G N there exists a Hnite convex combination u n of the 
elements {u n ,u n+ 1 ,...} such that 


Wr, 


1 ,Ti 


< T 


[v n <8) 1, ei <8) e 2 \ || < 2 n and || [v n <g) 1, e j ] || < 2" 


(3.5) 


for all n G N, where ei <E) e 2 is the grading operator of Hi <g> H 2 and e J , 1 < j < pi + p 2 , 
are the multigrading operators of Hi®H 2 . Note that the Estimates (3.3) and (3.4) also 
hold for v n . Note furthermore that we can arrange that the maximal index occuring in 
the finite convex combination for v n is increasing in n. 

Now we will construct a sequence w n G ^(H i) <g>*3(H 2 ) with suitable properties. We 
have that v n is a finite convex combination of the elements {u n , u n+ \,...}. So for n G N 
we let m n denote the maximal occuring index in that combination. Furthermore, we let 
the projections p n G *B(H 2 ) be analogously defined as u n , where we consider now the 
operators 

( T 2 ~ 1 )p 2 (g), (T 2 -T*)p 2 (g), and [T 2 ,p 2 (g)\ (3.6) 

for the analogous sets of functions }k=i,...,c 1/N N depending on nGN. Then we 


45 Actually, to have this estimate we would need that x is self-adjoint. We can pass from a: to \{x + x*) 
and ^(x — x*) : do all the constructions with these self-adjoint operators and get the needed estimates 
for them, and then we get the same estimates for x but with an additional factor of 2. 

46 We have used here the fact that we may uniquely extend any representation of Cq(Z) to one of the 
bounded Borel functions Bf,(Z) on a space Z. 
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define w n -1 := u m 



and get for all n G N the following: 


w n (v n <0 1)(1 0p n ) = (y n ® 1)(1 <0p n ) 


and 


|| [w n , £ Cg) 1] || < 2 n 

||[to„,l®»]ll < 2~” 
IIK,p(/j' , ®sj' V )]ll<2-” 


(3.7) 


(3.8) 

(3.9) 
(3.10) 


for all i G N, 1 < N < n and k = f,..., C'i /n,n, where x is one of the operators from 


(3.2) for all f% N and y is one of the operators from (3.6) for all g^ N . 

Let now d n := ( w n — w n _ i) 1//2 . With a suitable index shift we can arrange that firstly, 
the Estimates (3.8)— ( 3TTo| ) also hold for d n instead of and that secondly, using 

(3.11) 


Equation (3.7), 


\\dn{v n <0 1)2/|| < 2 n , 

where y is again one of the operators from ( |3.6 ) for all g^ N and 1 < N < n. 

Now as in the same way as we constructed v n out of the u n s, we construct 5 n as a 
hnite convex combination of the elements {d ni d n+ 1 ,...} such that 

||[5n,7i®l]|| < 2 _n , || [5 n , 1 ® T 2 ]|| < 2~ n , ||[<5 n ,e 1 ®e 2 ]|| < 2~ n and ||K,e^]|| < 2“", 

where e\ 0 e 2 is the grading operator of Hi 0 H 2 and e- 7 for 1 < j < Pi + p 2 are the 
multigrading operators of H\®H 2 . Clearly, all the Estimates (3.8)—(3.11) also hold for 
the operators 5 n . 

Define X := It is a positive operator of hnite propagation and fulfills the 

Points 2-4 that N 2 should have. The arguments for this are analogous to the ones given 
at the end of the proof of |HR00, Kasparov’s Technical Theorem 3.8.1], but we have to 
use all the uniform approximations that we additionally have (to use them, we have to cut 
functions / G L- Lip H ,(Xi) down to the single “parts” X\ t of X\ by using the partition of 
unity that we have chosen at the beginning of this proof, and analogously for X 2 ). 

Furthermore, the operator 1 — X fulfills the desired Points 1, 3 and 4 that N\ should 
fulfill. That both A" and 1 — X derive J^(ihi) ®*&(H 2 ) is clear via construction. Since A" 
commutes modulo compact operators with the grading and multigrading operators, we 
can average it over them so that it becomes an even and multigraded operator and X 
and 1 — A" still have all the above mentioned properties. 

Finally, we set N\ := (1 — A") 1//2 and N 2 := A 1 / 2 . □ 

Now we will use this technical lemma to construct the external product and to show 
that it is well-defined on the level of uniform /l-homology. 


4 'The index is shifted by one so that we get the Estimates (3.8 1 —(3.10) with 2 
though this is not necessary for the argument. 


and not with 2 n+1 ; 
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see [ HROOI Exercise 3.9.6] 
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Proposition 3.23. Let X\ and X 2 be locally compact and separable metric spaces that 
have jointly coarsely and locally bounded geometry. 

Then there exists a (p\ + p 2 )-multigraded uniform Fredholm module (H,p,T) which is 
aligned with the modules (Hi, pi,Ti) and (H 2 , p 2 , T 2 ). 

Furthermore, any two such aligned Fredholm modules are operator homotopic and 
this operator homotopy class is uniquely determined by the operator homotopy classes of 
(Hi, Pl ,Ti) and (H 2 ,p 2 ,T 2 ). 

Proof. We invoke the above Lemma |3.22| to get operators N\ and iV 2 and then set 

T := Ni(Ti 0 1) + iV 2 (l 0T 2 ). 


To deduce that (H,p,T) is a uniform Fredholm module, we have to use the following 
facts (additionally to the ones that N\ and iV 2 have): that T\ and T 2 have hnite 
propagation and are odd (we need that (Ti 0 1)(1 0 T 2 ) + (1 0 0 1) = 0). To 

deduce that it is a multigraded module, we need that we constructed Ni and N 2 as even 
and multigraded operators on H. 

It is easily seen that for all / G C'q(Xi x X 2 ) 


p(f) (T(Ti 01) + (Ti 0 1)T) p(f) and p(f) (T( 1 0 T 2 ) + (1 0 T 2 )T)p(f) 

are positive modulo compact operators and that p(f)T derives &(Hf) 0 53 (H 2 ), i.e., we 
conclude that T is aligned with 7\ and T 2 . 

Since all four operators Ti, T 2 , N\ and N 2 have hnite propagation, T has also hnite 
propagation. 

Suppose that T' is another operator aligned with T , and T 2 . We construct again 
operators Ni and iV 2 using the above Lemma 3.22, but we additionally enforce 

\\[w n ,p(ff N ®g]?)T]\\<2- n 


analogously as we did it there to get Equation (3.10). So N x and N 2 will commute 
modulo compact operators with p(f)T' for all functions / G Cq(Xi x X 2 ). Again, we set 
T := Ni(Ti 0 1) + A r 2 (l 0T 2 ). Since Aj and N 2 commute modulo compacts with p(f)T' 
for all / G Cq(X\ x A" 2 ) and since T' is aligned with T\ and T 2 , we conclude 


p(f)(TT' + T'T)p(f) > 0 


modulo compact operators for all functions / G Co(Ad x X 2 ). Using a uniform version 
of [ HR00, Proposition 8.3.16] we conclude that T and T’ are operator homotopic via 
multigraded, uniform Fredholm modules. We conclude that every aligned module is 
operator homotopic to one of the form that we constructed above, i.e., to one of the form 
N x (Ti 0 1) + iV 2 (l 0 T 2 ). But all such operators are homotopic to one another: they are 
determined by the operator Y = Nf used in the proof of the above lemma and the set of 
all operators with the same properties as Y is convex. 

At last, suppose that one of the operators is varied by an operator homotopy, e.g., T\ 


by Ti(t). Then, in order to construct N\ and N 2 , we enforce in Equation (3.5) instead of 
|| [y n 0 1, Ti 0 1] || < 2~ n the following one: 


[v n <2> 1, Ti(j/n) 


< T 
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for 0 < j < n. Now we may define 


T(t) := N^T^t)®!) + N 2 {l®T 2 ), 


i.e., we got operators N\ and N 2 which are independent of t but still have all the needed 
properties. This gives us the desired operator homotopy. □ 


Definition 3.24 (External product). The external product of the multigraded uniform 
Fredholm modules (Hi, pi, Ti) and (H 2l p 2 , T 2 ) is a multigraded uniform Fredholm module 
(H, p , T) which is aligned with T\ and T 2 . We will use the notation T := T\ x T 2 . 

By the above Proposition 3.23 we know that if the locally compact and separable 
metric spaces X\ and X 2 both have jointly coarsely and locally bounded geometry, then 
the external product always exists, that it is well-defined up to operator homotopy and 
that it descends to a well-defined product on the level of uniform A'-homology: 


A” ( Xi) x A“ (A' 2 ) -> Kp 1+pi {Xi x X 2 ) 

for p\,p 2 > 0. Furthermore, this product is bilinear 

For the remaining products (i.e., the product of an ungraded and a multigraded module, 
resp., the product of two ungraded modules) we can appeal to the formal 2-periodicity. 

Associativity of the external product and the other important properties of it may be 
shown as in the non-uniform case. Let us summarize them in the following theorem: 

Theorem 3.25 (External product for uniform A'-homology). Let Xi and X 2 be locally 
compact and separable metric spaces of jointly bounded geometri p^l 
Then there exists an associative product 

x : AT" PC) ® A- (X 2 ) -£ X pi+p2 (Xi x X 2 ) 

for pi,p 2 > —1 with the following properties: 

• for the flip map t: Ah x X 2 —> X 2 x X\ and all elements [Tj] 6 Kf (X !) and 
[T 2 \ e Kp 2 (X 2 ) we have 

r*[Ti x T 2 \ = (-1 ) p ^[T 2 x Tf, 


• we have for g: Y —>■ Z a uniformly cobounded, proper Lipschitz map and elements 
[T] e A p » (X) and [S] £ A» (Y) 

(id x x g),[T x S] = [T] x 9 ,[S] £ A“ +pa (.Y x Z), 

and 


• denoting the generator of ATo(pt) = Z by [1], we have 


PI x [1] = [T] = [1] x [T] £ A“(X) 


for all [T] £ Kf(X). 


49 To see this, suppose that, e.g., T\ = T[ © T\ 
aligned with T\ an d T 2 , which is not hard to do. 
50 see Definition 3.19 


1 . Then it suffices to show that T[ x T 2 


T" x To 
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3.4 Homotopy invariance 

Let A" and Y be locally compact, separable metric spaces with jointly bounded geometry 
and let go,gi- X —y Y be uniformly cobounded, proper and Lipschitz maps which are 
homotopic in the following sense: there is a uniformly cobounded, proper and Lipschitz 
map G: X x [0,1] —* Y with G(x, 0) = go(x) and G(x, 1) = gi(x) for all x G X. 

Theorem 3.26. If go, g \: X —y Y are homotopic in the above sense, then they induce 
the same maps (go)* = (gi)*- Kf(X) —> Kf(Y) on uniform K-homology. 

The proof of the above theorem is completely analogous to the non-uniform case and uses 
the external product. Furthermore, the above theorem is a special case of the following 
invariance of uniform 7l-homology under weak homotopies: given a uniform Fredholm 
module (77, p, T) over X, the push-forward of it under g t is defined as (77, p o g*, T ) and 
it is easily seen that these modules are weakly homotopic via the map G. 


Definition 3.27 (Weak homotopies). The family of uniform Fredholm modules (77, p t , T t ) 
for t G [0,1] is a weak homotopy if: 

• the family p t is pointwise strong-* operator continuous, i.e., for all / G Cq(X) we 
get a path pt(f) in 03(77) that is continuous in the strong-* operator topologvp~[ 

• the family T t is continuous in the strong-* operator topology on 03(77), i.e., for all 
v G 77 we get norm continuous paths T t (v) and Tf(v) in 77, and 


for every e > 0 and / G Co (A) we have the following: 

For all t G [0, 1] the operator [T t , p t (f)\ is a compact operator since (H,p t ,T t ) is 
a Fredholm module and can therefore be approximated up to £ by some finite 
rank operator kt 52 So let be an orthonormal basis of the image of kt 

and consider the strong-* operator neighbourhood U(e;v i, ..., U/Fj of' [T t , p t (f)\ 


in 23(77). Now for every [T s ,p s (f)] in that neighbourhood we also consider its 
finite rank approximation k s up to £ and an orthonormal basis {Wj}j=i,...,j of its 
image. Then we require that \Tt.pAf )1 lies in the strong-* operator neighbourhood 
U (s; of [T s ,p s (f) ] in *3(77)0 

Additionally, we require the analogous property for (Tf — 1 )pt(f) and (T t — Tf)p t (f). 


51 Recall that if 77 is a Hilbert space, then the strong-* operator topology on 03(77) is generated by the 
family of seminorms p v (T) := ||Tn|| + ||T*u|| for all v € H, where T G tB(H). 

52 This finite rank operator kt is not unique. Recall that every compact operator on a Hilbert space 
may be represented in the form A n (f n , ■)g n , where the values X n are the singular values of the 

operator and {/„}, {g n } are orthonormal families (but contrary to the X n they are not unique). Now 
we choose kt to be the operator given by the same sum, but only with the X n satisfying X n > e. 

53 For an operator A G *3(11) we define 


U(e\vi,.. .,vi) := {B G *8(77) | ||(R - A)uj|| + \\(B - A)*Vi)|| < e for all* = 1, ..., /}. 

Note that the collection of all such sets U(e; V) for all e > 0 and all finite collections V C 77 forms a 
neighbourhood basis of the strong-* operator topology at A G *8(77). 

54 It follows that \\k t — k s \\ op < 2e, which is the crucial thing that we need. 
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If pt is point-wise norm continuous and T t is norm continuous, then the modules are 
automatically weakly homotopic. So weak homotopy generalizes operator homotopy. 

Remark 3.28. Since the family T t is continuous in the strong-* operator topology and since 
it is defined on the compact interval [0,1], we conclude with the uniform boundedness 
principle sup t ||T t || op < oo. Furthermore, we have ||pt(/)||o P < ||/||oo f° r all t E [0, 1] since 
p t are representations of C*-algebras. Now though multiplication is not continuous as 
a map 23 (i/) x 23(//) —>• 23 (-£/”), where 23 (Lf) is equipped with the strong-* operator 
topology, it is continuous if restricted to norm bounded subsets of 23 ( H ). So all three 
families [T t ,p t (f)\, (T 2 — 1 )pt(f) and (T t — Tf)p t (f) are also continuous in the strong-* 
operator topology. 

Theorem 3.29. Let (H,Po,Tq) and (H,pi,Ti) be weakly homotopic uniform Fredholm 
modules over a locally compact and separable metric space X of jointly bounded geometry. 
Then they define the same uniform K-homology class. 

Proof. Let our weakly homotopic family (H,p tl T t ) be parametrized on the interval 
t E [0, 27t], so that our notation here will coincide with the one in the proof of |Kas81l 
Theorem 1 in §6] that we mimic. Furthermore, we assume that p t and T t are constant in 
the intervals [0,27 t/ 3] and [47 t/3,27t] 

We consider the graded Hilbert space Ft := H ®(L 2 [0, 27t] ©L 2 [0, 2n\) (where the space 
L 2 [0, 27 t] © L 2 [0, 27t] is graded by interchanging the summands). 

The family T t maps continuous paths v t in H again to continuous paths T t (vt ): indeed, 
if t n —> t is a convergent sequence, we get 


\\TtM ~ T t (v t )|| < || T tn (v tn ) - T tn (v t )|| + || T tn (v t ) - T t (y t )\\ 
^ ll^tjlop_• \\vtri — V t \\ + || (T tn — T t )(y t ) ||, 

->0 



<oo 


where the second limit to 0 holds due to the continuity of T t in the strong-* operator 
topology. So the family T t maps the dense subspace H ® C[ 0, 27 t] of H © L 2 [0, 2n\ into 
itself, and since it is norm bounded from above by sup t ||T t || op < oo, it defines a bounded 

(0 T*\ 

operator on H © L 2 [ 0 , 27 t], We define an odd operator ( ^ J J on PL, which we also 


denote by T t (there should arise no confusion by using the same notation here). 

Since Pt(f) is strong-* continuous in t , we can analogously show that it maps continuous 
paths Vt in H again to continuous paths pt(f )(v t ), and it is norm bounded from above 
by ||/1|oo■ So pt{f) defines a bounded operator on H © L 2 [0,27t] and we can get a 
representation p t © p t of C$(X) on PL by even operators, that we denote by the symbol 
pt (again, no confusion should arise by using the same notation). 

We consider now the uniform Fredholm module 


{'H,pt,N 1 {T t ) + N 2 {l®T{f)), 

where T(f ) is defined in the proof of |Kas81I Theorem 1 in §6] (unfortunately, the 
overloading of the symbol “T” is unavoidable here). For the convenience of the reader, 
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we will recall the definition of the operator T(f) in a moment. That we may find a 
suitable partition of unity N\, N 2 is due to the last bullet point in the definition of weak 
homotopies, and the construction of N \, N 2 proceeds as in the end of the proof of our 


Proposition 3.23 


To define T(/), we first define an operator d\ Lr[ 0, 27t] —>■ L 2 [0,27t] using the basis 
1,..., cos nx ,..., sin nx,... by the formulas 


d{ 1) := 0, d(smnx ) := cos nx and d(cosnx) : = — sinnx. 

This operator d is anti-selfadjoint, d 2 + 1 G J^(L 2 [0, 27t]), and d commutes modulo 
compact operators with multiplication by functions from (7[0, 27 t]. Let / G C[Q,2ii\ 
be a continuous, real-valued function with \f(x)\ < 1 for all x G [0, 27t], /(0) = f and 
/( 2tt) = —1. Then we set Tj(/) := f — yjl — p ■ d G 23(L 2 [0, 27t]). This operator Ti(/) 
is Fredholm and with f, both f — Tj(/) • Tj(/)* and 1 — Tj(/)* • Xi(/) are compact, 
and T\ (/) commutes modulo compacts with multiplication by functions from C[0, 27 t], 
Furthermore, any two operators of the form T\ (/) (for different /) are connected by a 
norm continuous homotopy consisting of operators having the same form. Finally, we 

define T(f) := Tl ^*\ G *B(L 2 [0, 2vr] © L 2 [0, 2 tt]). 

We assume the our homotopies p t and T t are constant in the intervals [0, 27T/3] and 
[47r/3,27r]. Furthermore, we set 


m - h s3( ' 


0 < t < 7t/3, 
7t/3 < t < 27T. 


Then T\(f) commutes with the projection P onto L 2 [0, 27r/3], P • T\{f) is an operator of 
index 1 on L 2 [0, 27r/3], and (l — P)Ti(/) = — 1 on L 2 [27 t/3, 27t]. We choose a(t) gC[0,27t] 
with 0 < a(t) < 1, a(t) = 0 for t < 7t/ 3, and a(t) = f for t > 2 , k/Z. Using a norm 
continuous homotopy, we replace N\ and N 2 by 






a) 


and 

N 2 := 1 <g) ct + y 1 <8)(1 — a) • iV 2 • 1 <8)(1 — a). 

The operator Ni(T t ) + A^(l <8>T(/)) commutes with 1 0(P © P) and we obtain for the 
decomposition L 2 [0, 27 t] © L 2 [0, 27t] = im(P © P) © im(l — P © P) 


(n, p t , N^Tt) + N 2 (l®T(f)) = (( H,p 0 ,T 0 ) x [1]) © (degenerate), 


where [1] G /^(pt) is the multiplicative identity (see the third point of Theorem 3.25) 
and recall that we assumed that p t and T t are constant in the intervals [0, 27 t/ 3] and 
[47 t/3, 27t] . 

Setting 


m ■■= 


1, 

— cos 3 1, 


0 <t< 57t/3, 
57t/3 < t < 27t, 
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we get analogously 


(W, Pu Ni(T t ) + fV 2 (l<g>T(/)) = (degenerate) ® ((H,p 1 ,T 1 ) x [1]), 

for suitably defined operators N± and N 2 (their definition is similar to the one of N\ 
and N 2 ). Putting all the homotopies of this proof together, we get that the modules 
{{H, p 0 , T 0 ) x [1]) © (degenerate) and ((H, pi,Ti) x [1]) © (degenerate) are operator 
homotopic, from which the claim follows. □ 


3.5 Rough Baum—Connes conjecture 


Spakula constructed in Spa09, Section 9] the rougl 55 assembly map 

p u : I<:(X) —► K.(C:(Y)), 


where Y C X is a uniformly discrete quasi-lattice, X a proper metric space, and C*(Y) 
the uniform Roe algebra of In this section we will discuss implications on the rough 
assembly map following from the properties of uniform K -homology that we have proved 
in the last sections. 

Using hom otopy invariance of uniform /l-homology we will strengthen Spakula’s results 


from Spa09, Section 10]. 


Definition 3.30 (Rips complexes). Let Y be a discrete metric space and let d > 0. The 
Rips complex P,i(Y ) ofY is a simplicial complex, where 


• the vertex set of Pd(Y) is Y, and 


• vertices yo,...,y q span a ^-simplex if and only if we have d(yi,yj) < d for all 
0 < i,j < q. 


Note that if Y has coarsely bounded geometry, then the Rips complex Pd(Y) is uniformly 
locally finite and finite dimensional and therefore also, especially, a simplicial complex of 
bounded geometry (i.e., the number of simplices in the link of each vertex is uniformly 
bounded). So if we equip Pd(Y ) with the metric derived from barycentric coordinates, 
Y c P d (Y) becomes a quasi-lattice (cf. Examples 3.15). 

Now we may state the rough Baum-Connes conjecture: 


Conjecture 3.31. Let Y be a proper and uniformly discrete metric space with coarsely 
bounded geometry. 

Then 

Jim IC(P,,(Y)) ^ K.(C:(Y)) 

a—>00 

is an isomorphism. 

55 We could have also called it the uniform coarse assembly map, but the uniform coarse category is also 
called the rough category and therefore we stick to this shorter name. 

56 Recall that one possible model for the uniform Roe algebra C*(Y) is the norm closure of the “-algebra 
of all finite propagation operators in *8 (£ 2 (Y)) with uniformly bounded coefficients. 
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Let us relate the conjecture quickly to manifolds of bounded geometry. First we need 
the following notion: 

Definition 3.32 (Uniformly contractible spaces). A metric space X is called uniformly 
contractible , if for every r > 0 there is an s > 0 such that every ball B r (x) can be 
contracted to a point in the ball B s (x). 

The for us most important examples of uniformly contractible spaces are universal 
covers of aspherical Riemannian manifolds equipped with the pull-back metric. 

Theorem 3.33. Let M be a uniformly contractible manifold of bounded geometry and 
without boundary and let Y C M be a uniformly discrete quasi-lattice in M. 

Then we have a natural isomorphism 


lim K:(P d (Y)) = K:(M). 

a—1-00 


The proof of this theorem is analogous to the corresponding non-uniform statement 
limbec K*(Pd(Y)) = A*(M) from [ Yu95b . Theorem 3.2] and uses crucially the homotopy 
invariance of uniform A'-homology. 

Let us now relate the rough Baum-Connes conjecture to the usual Baum-Connes 
conjecture: let T be a countable, discrete group and denote by |T| the metric space 
obtained by endowing T with a proper, left-invariant metric. Then |T| becomes a proper, 
uniformly discrete metric space with coarsely bounded geometry. Note that we can 
always find such a metric and that any two of such metrics are quasi-isometric. If T is 
finitely generated, an example is the word metric. 

Spakula proved in Spa09, Corollary 10.3] the following equivalence of the rough Baum- 
Connes conjecture with the usual one: let V be a torsion-free, countable, discrete group. 
Then the rough assembly map 


Pu- lim Kf(p d \r\) — ► A;(u*|r|) 

a—>oo 

is an isomorphism if and only if the Baum-Connes assembly map 

r: A^Gur^r)) K.(c;(r,r°(r))) 

for T with coefficients in £°°(r) is an isomorphism. For the definition of the Baum-Connes 
assembly map with coefficients the unfamiliar reader may consult the original paper 
[ BCH941 Section 9]. Furthermore, the equivalence of the usual (i.e., non-uniform) coarse 
Baum-Connes conjecture with the Baum-Connes conjecture with coefficients in £°°(r, &) 
was proved by Yu in |Yu95al Theorem 2.7]. 

Spakula mentioned in Spa09, Remark 10.4] that the above equivalence does probably 
also hold without any assumptions on the torsion of T, but the proof of this would require 
some degree of homotopy invariance of uniform A'-homology. So again we may utilize 
our proof of the homotopy invariance of uniform A'-homology and therefore drop the 
assumption about the torsion of T. 
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Theorem 3.34. Let T be a countable, discrete group. 
Then the rough assembly map 


p u . lim Kf(P d \T\) -> K*{C* U \T\) 

a—>-oo 

is an isomorphism if and only if the Baum-Connes assembly map 

w K*(Er-,£°°{r)) ^K*(c* r (r,e°°(r))) 

for T with coefficients in £°°(r) is an isomorphism. 


3.6 Homology classes of uniform elliptic operators 


We will show that symmetric and elliptic pseudodifferential operators of positive order 
naturally define classes in uniform /T-homology. This result is a crucial generalization of 
||Spa09, Theorem 3.1], where this statement is proved for generalized Dirac operators. 


First we need a definition and then we will plunge right into the main result: 


Definition 3.35 (Normalizing functions). A smooth function y: M —>■ [—1,1] is called a 
normalizing function , if 


• x is odd, i.e., x(x) = — %(— x) for all i£l, 

• x( x ) > 0 f° r all x > 0 and 

• x( x ) “t ±1 for x —>• ±oo. 



Figure 2: A normalizing function. 


Theorem 3.36. Let M be a manifold of bounded geometry and without boundary, E —>• M 
be a p-multigraded vector bundle of bounded geometry, P e UTDO fc (£') be a symmetric 
and elliptic pseudodifferential operator on E of positive order k > 1, and let P be odd 
and multigraded. 

Then (H, p, x(P)) * s a p-multigraded uniform Fredholm module over M, where the 
Hilbert space is H := L 2 (E), the representation p: C 0 (M) —>• *B(H) is the one via 
multiplication operators and x Is a normalizing function. Furthermore, the uniform 
K-homology class [(H,p,x(P))] 6 Kf(AL) does not depend on the choice of y. 
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Proof. Recall from Definition 3.6 that for the first statement that (P, p, y(P)) defines 


an ungraded uniform Fredholm module over M we have to show that y(P) is uniformly 
pseudolocal and that y(P) 2 — 1 and y(P) ~ x(P)* are uniformly locally compact. 

Since x is real-valued and P essentially self-adjoint by Proposition 2.42 we have 
y(P) ~ y(P)* — 0, he., the operator y(P) — y(P)* is trivially uniformly locally compact. 
Moreover, since we have y(P) 2 — 1 = (y 2 — 1)(P) and y 2 — 1 G Co(M), we conclude with 
Corollary 2.46 that y(P) 2 — 1 is uniformly locally compact. 


Because the difference of two normalizing functions is a function from Co(M), we 
conclude from the same corollary that in order to show that y(P) is uniformly pseudolocal, 
it suffices to show this for one particular normalizing function (and secondly, we get that 


the class [(H, p, y(P))] is independent of the con crete c hoice of y due to Lemma 3.8). 


Spa09 


From now on we proceed as in the proof of 
formulas: we choose the particular normalizing function y(x) := -r= 


Theorem 3.1] using the same 
to prove that 


y(P) is uniformly pseudolocal. We have y(P) = | J 0 °° 1+A f +p2 d\ with convergence of 
the integral in the strong operator topolog}]^ and get then for / G L- Lip p (M) 


W),x{P)] = - 


7T 


1 + A 2 + P 2 


((1 + A 2 )[p(/),P]+P[p(/),P]P) 


1 + A 2 + P 2 


dX. 


Suppose / G L-Lip p (M) fl C£°(M). Then the integral converges in operator normp^j 
and there exists an N > 0 which depends only on an e > 0, R = diam(supp /) and the 
norms of the derivatives of / 59 such that there are Ai,..., Ajv and the integral is at most 


e away from the sum of the integrands for Ai,..., Ajv- 


Now we recall Definition 2.47 of the symbol classes on 


5 " 


:= {g G C° 


|p (n )(x)| < (7,(1 + \x\) m ~ n for all n G N 0 }. 


Since both 


G 5 


-2 


and 


1+A 2 


G 5 

\2 


-2 


(with respect to the variable x, i.e., 

2k by 


l+\ 2 +x 2 V 1 1 +A 2 ++ 

for fixed A), the operators 1+A2+p2 and 1+ 1 A t pp2 are quasilocal operators of order 
Proposition |2.48] This also holds for their adjoints and so, by Corollary |2.30 they are 
uniformly locally compact. The same conclusion applies to the operators , , and 

lpA 2 + p 2 which are quasilocal of order 
So the first summand 


1 +A 2 +P 2 

-k and hence also uniformly locally compact. 


1 + A 2 


1 + A 2 + P 2 


\p(f),P] 


1 + A 2 + P 2 


57 This follows from the equality 


vT+a 


= 1 f 

7r J f 


00 x 
0 l+A 2 +a: 


rdX for all x £ 


1 +A 2 


and 


58 To see this, we have to find upper bounds for the operator norms || - ||o,fc_1 of 1 +A 2 +P 2 1 +A 2 +P 2 

1+A f +p2 ]+X 2 +P 2 1 that are integrable with respect to A. This can be done by, e.g., using the estimates 
derived in the proof of Proposition |2.48| But note that we need the generalization of this proposition 
to all to £ R. For the definition of the corresponding Sobolev norms we have to use (2.21 with fixed 


coordinate charts, corresponding partition of unity and chosen synchronous framing. Since different 
choices lead to equivalent norms, our needed result that the integrand is integrable with respect to A 
is independent of these choices. 

59 The dependence on R and on the derivatives of / comes from the operator norm estimate of [p(f), P]. 
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of the integrand is the difference of two compact operators and their approximability by 
finite rank operators depends only on R = diam(supp /) and the Lipschitz constant L of 
/. The same also applies to the second summand 

1 + A2 + p2 P [^(/)’ P ] P 1 + A 2 + P 2 

of the integrand (note that 1+ ^,~ +p2 is a bounded operator). 

So the operator [p(/),y(P)] is for / G L-Lip R (M) fl Cf°(M) compact and its approx- 
imability by finite rank operators depends only on R, L and the norms of the derivatives 
of /. That this suffices to conclude that the operator is uniformly pseudolocal is exactly 
Point 5 in Lemma [2.321 

To conclude the proof we have to show that y(P) is odd and multigraded. But this 
was already shown in full generality in [ HROO :. Lemma 10.6.2], □ 


We have shown in the above theorem that an elliptic pseudodifferential operator 
naturally defines a class in uniform P-homology. Now we will show that this class 
does only depend on the principal symbol of the pseudodifferential operator. Note 
that ellipticity of an operator does only depend on its symbol (since it is actually 
defined that way, see Definition 2.37 which is possible due to Lemma 2.36), i.e., another 
pseudodifferential operator with the same symbol is automatically also elliptic. 


Proposition 3.37. The uniform K-homology class of a symmetric and elliptic pseudod¬ 
ifferential operator P G UTDO fc - 1 (P) does only depend on its principal symbol cr(P) ; 
i.e., any other such operator P' with the same principal symbol defines the same uniform 
K-homology class. 


Proof. Consider in UU/DO k (E) the linear path P t := (1 — t)P + tP' of operators. They are 
all symmetric and, since <r(P) = cr(P'), they all have the same principal symbol. So they 
are all elliptic and therefore we get a family of uniform Fredholm modules (P, p,x(Pt)), 
where we use a fixed normalizing function y. 

Now if the family y(P t ) of bounded operators would be norm-continuous, the claim 
that we get the same uniform A'-homology classes would follow directly from the relations 
defining uniform K -homology. But it seems that in general it is only possible to conclude 
the norm continuity of y(P t ) if the difference P — P' is a bounded operator]^] i.e., if the 
order k of P is 1 (since then the order of the difference P — P' would be 0, i.e., it would 
define a bounded operator on L 2 (P)). 

In the case k > 1 we get continuity of y(P t ) only in the strong-* operator topology 
on 23(L 2 (P)). This is easily seen with Proposition 2.49|p~ To conclude in this case that 
(P, p, y (Po)) and (P, p, y(Pi)) define the same class in uniform Jl-homology, we will use 
Theorem 3.29, i.e., we will show now that the family (P, p, y(P t )) is a weak homotopy. 


The first bullet point of the definition of a weak homotopy is clearly satisfied since our 
representation p is fixed, i.e., does not depend on the time t. Moreover, we have already 
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see, e.g., [ HROOl Proposition 10.3.7] 


61 An example of a normalizing function \ fulfilling the prerequisites of Proposition 2.49 may be found 
in, e.g., (HROO i Exercise 10.9.3]. 
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incidentally discussed the second bullet point in the paragraph above, so it remains 
to varify that the third point is satisfied. We start with investigating the operators 
[p(f),x(Pt)\- Let x be the normalizing function x( x ) = sr—j (this is the one used in the 
proof of the above Theorem 3.36). It satisfies the assumptions of Proposition 2.49| since 
the integral / |sx(s)|ds has a finite value (we will use this at the end of this paragraph). 


From the end of the proof of the above Theorem 3.36 we get that the approximation of 
[p{f),x(Pt)\ up to an e via finite rank operators is done by approximating finitely many 
quasilocal operators of negative order times the operator p(f). But from the proof of 
Proposition 2.29| (where we do this approximation), we see that we actually approximate 
the compact inclusions of Sobolev spaces into the A 2 -space. So the images of these finite 
rank operators consist of functions from a Sobolev space of appropriate order and, this is 
the most important, the Sobolev norms of L 2 -orthonormal basis of these images may be 
bounded from above independently of the time t, i.e., by the same bound for all operators 


[p(f),x{Pt)\- But this together with the norm estimate from Proposition 2.49 shows that 
the third bullet point in the Definition |3.27 of weak homotopies is fulfilled. 

The arguments for p(/)(x(+) 2 — 1) are similar and the case of p(f)(x(Pt) — x(Pt)*) is 
clear since x(Pt) ~ x(Pt)* — 0, because P t is essentially self-adjoint. □ 


4 Uniform K-theory 

In this section we will define uniform it-theory and show that for spin c manifolds it is 
Poincare dual to uniform A'-homology. The definition of uniform A-theory is based on 
the following observation: We want that it consists of vector bundles such that Dirac 
operators over manifolds of bounded geometry may be twisted with them. So we want 
the vector bundles to have bounded geometry, because otherwise the twisted operator 
will not be uniform. Now we have K® pt (M) = K 0 (Cq(M)) and we want that something 
similar holds in the case of vector bundles of bounded geometry that we are interested in. 
So first of all we have to consider functions on M which are not compactly supported 
since we want vector bundles that are not necessarily trivial outside some compact subset. 

Then we have to guess how to incorporate the bounded geometry into this: The first 
try is to look at the algebra C£°(M) of smooth functions on M whose derivatives are 
all bounded, since one can speculate that this boundedness of the derivatives translates 
somehow into a boundedness of the Christoffel symbols if one equips the vector bundle 
with the induced metric and connection coming from the given embedding of the bundle 
into C k (this embedding is given since a projection matrix with entries in C£°(M) defines 
a subbundle of C k by considering the image of the projection matrix). The nice thing is 
now that this first try is successful, but unfortunately the computation of the dependence 
of the Christoffel symbols on the derivatives of the entries of the given projection matrix 
is not easily carried out. Therefore this section about uniform K -theory is quite technical 
and heavy in computations. 

The proof of the uniform A'-Poincare duality is also unfortunately quite technical and 


has a lot of small detail one has to care about. So the corresponding Section 4.4 where 
we prove it got quite long. 
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Note that other authors have, of course, investigated similar versions of A--theory: Kaad 
investigated in |IKaal3j Hilbert bundles of bounded geometry over manifolds of bounded 
geometry (the author thanks Magnus Goffeng for pointing to that publication). Dropping 
the condition that the bundles must have bounded geometry, there is a general result by 
Morye contained in |Morl3| having as a corollary the Serre-Swan theorem for smooth 
vector bundles over (possibly non-compact) smooth manifolds. If one is only interested 
in the last mentioned result, there is also the short note [SarOl] by Sardanashvily. But 
the version of A--theory that we introduce here is, to the knowledge of the author, new. 


4.1 Definition and basic properties of uniform A-theory 

As we have written above, we will define uniform A-theory of a manifold of bounded 
geometry as the operator A'-theory of C£°(M). But since C£°(M) turns out to be a local 
(7*-algebra (see Lemma 4.6), its operator A"-theory will coincide with the A'-theory of its 
closure which is the (7*-algebra C U (M) of all bounded, uniformly continuous functions 
on M (see Lemma 4.7). Therefore we may define uniform A'-theory for any metric space 
A as the operator A'-theory of C U (X). 


Definition 4.1 (Uniform A"-theory). Let X be a metric space. The uniform K-theory 
groups of X are defined as 

K(X) := K_ p (C u (X)), 

where C U (X ) is the (7*-algebra of bounded, uniformly continuous functions on X. 


The introduction of the minus sign in the index — p in the above definition is just a 
convention which ensures that the indices in formulas, like the one for the cap product 
between uniform A'-theory and uniform A'-homology, coincide with the indices from the 
corresponding formulas for (co-)homology. Since complex A'-theory is 2-periodic, the 
minus sign does not change anything in the formulas. 

Denoting by X the completion of the metric space A", we have A*(A) = A*(A) 
because every uniformly continuous function on X has a unique extension to X, i.e., 
C u {X) = C u (X). This means that, e.g., the uniform A-theories of the spaces [0,1], [0,1) 
and (0,1) are all equal. Furthermore, since on a compact space X we have C u (X) = (7(A), 
uniform A'-theory coincides for compact spaces with usual A'-theory. Let us state this as 
a small lemma: 


Lemma 4.2. If X is compact, then K*(X) = A'* (A). 

Remark 4.3. Note some subtle differences between uniform A-theory and uniform A- 
homology. Whereas uniform A'-theory of X coincides with the uniform A-theory of the 
completion A, this is in general not true for uniform A'-homology. 

Recall that in Proposition 3.7 we have shown that if A is totally bounded, then the 
uniform A'-homology of A" coincides with the usual A-homology of A". So for, e.g., the 
open unit ball in M n uniform and usual A'-homology coincide, and they coincide also for 
the closed ball. But of course the usual A'-homologies of the open and closed balls are 
not always equal. 
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Contrary to this the uniform /h-theory of the open ball equals the uniform A'-theory 
of the closed ball, as we have seen in the discussion above. But we generally do not have 
that, as for uniform A'-homology, uniform A'-theory of a totally bounded space which is 
not compact equal usual A"-theory. 


Recall that in Lemma 3.17 we have shown that the uniform A^-homology group Kq(Y) 
of such a space is isomorphic to the group £%?(Y) of all bounded, integer-valued sequences 
indexed by Y, and that K] l (Y) = 0. Since we want uniform A'-theory to be dual to 
uniform A"-homology, we need the corresponding result for uniform A"-theory. 


Lemma 4.4. Let Y be a uniformly discrete metric space. Then K®(Y) is isomorphic to 
lf(Y) and Kl(Y) = 0. 


The proof is an easy consequence of the fact that C U (Y) = Y\ y eY C(y) — Y\ y ^y ^ f° r 
a uniformly discrete space Y, where the direct product of C*-algebras is equipped with 
the pointwise algebraic operations and the sup-norm. The computation of the operator 
A"-theory of Y\ yeY C is now easily done (cf. 1 11H00. Exercise 7.7.3]). 

And last, we will give a relation of uniform A^-theory with amenability. Note that an 
analogous relation for bounded de Rham cohomology is already well-known, and also for 
other, similar (co-)homology theories (see, e.g., |BW97l Section 8]). 


Lemma 4.5. Let M be a metric space with amenable fundamental group. 

We let X be the universal cover of M and we denote the covering projection by 
7r: X — y M. Then the pull-back map K*(M) —» K*(X) is injective. 

Proof. The projection 7r induces a map n*: C U (M ) — > C U (X ) which then induces the 
pidl-back map K*(M) —> K* (X ). We will prove the lemma by constructing a left 
inverse to the above map 7r*, i.e., we will construct a map p\ C U (X ) —>■ C U (M ) with 
p o n* = id: C U (M) -)■ C U (M). 

Let F C X be a fundamental domain for the action of the deck transformation group 
on X. Since tti(M) is amenable, we choose a Fplrier sequence (Aj)j C tti(M) in it. Now 
given a function / G C U (X), we set 


My) := i M x ) 

* x£ir~ 1 (y)nEi-F 


for y G M. This gives us a sequence of functions /* on M, but they are in general not 
even continuous. 

Now choosing a functional r G (£°°)* associated to a free ultrafilter on N, we define 
p(f)(y) ■= T(fi(y)). Due to the Fplrier condition on (Efji all discontinuities that the 
functions /j may have vanish in the limit under r, and we get a bounded, uniformly 
continuous function p(f) on M. 

It is clear that p is a left inverse to n*. □ 
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4.2 Interpretation via vector bundles 

We will show now that if M is a manifold of bounded geometry then we have a description 
of the uniform /l-theory of M via vector bundles of bounded geometry. 

To show this, we first need to show that the operator /T-theorv of C U (M ) coincides 
with the operator it-theory of Cf°(M). This is established via the following two lemmas. 

Lemma 4.6. Let M be a manifold, of bounded geometry. 

Then Cf°(M) is a local C* -algebrtf^ \ 

Proof. Since is a *-subalgebra of the C*-algebra Cb(M ) of bounded continuous 

functions on M, then norm completion of Cf°(AL), i.e., its closure in Cb{M ), is surely a 
C*-algebra. 

So we have to show that C%°(M) and all matrix algebras over it are closed under 
holomorphic functional calculus. Since is naturally a Frechet algebra with a 

Frechet topology which is finer than the sup-norm topology, by |Sch921 Corollary 2.3p*j 
it remains to show that itself is closed under holomorphic functional calculus. 

But that Cff(M) is closed under holomorphic functional calculus is easily seen using 
|Sch921 Lemma 1.2], which states that a unital Frechet algebra A with a topology finer 
than the sup-norm topology is closed under functional calculus if and only if the inverse 
a -1 G A of any invertible element a G A actually lies in A. □ 


Lemma 4.7. Let M be a manifold of bounded geometry. 

Then the sup-norm completion of Cf°(M) is the C*-algebra C U (M ) of bounded, uni¬ 
formly continuous functions on M. 


Proof. We surely have C C U (M). To show the converse inclusion, we have to 

approximate a bounded, uniformly continuous function by a smooth one with bounded 
derivatives. This can be done by choosing a nice cover of M with subordinate partitions 
of unity via Lemma 2A and then apply in every coordinate chart the same modifier to 
the uniformly continous function. 

Let us elaborate a bit more on the last sentence of the above paragraph: after choosing 
the nice cover and cutting a function / G C U (M) with the subordinate partition of unity 
{(pi}, we have transported the problem to Euclidean space M n and our family of functions 
(fif is uniformly equicontinuous (this is due to the uniform continuity of / and will be 
crucially important at the end of this proof). Now let if be a modifier on M n , i.e., a 


smooth function with if > 0, supp if C (0), f Rn ifdX = 1 and if e := £~ n if(-/e ) ——^ <5 0 - 
Since convolution satisfies D a (ipif *if £ ) = ipif * D a if £ , where D a is a directional derivative 
on ML in the directions of the multi-index a and of order |a|, we conclude that every 
modified function (fif * if £ is smooth with bounded derivatives. Furthermore, we know 
||ipif * D a if e || oo < ||<£>i/||oo • IIZTT/gIIi from which we conclude that the bounds on the 


62 That is to say, it and all matrix algebras over it are closed under holomorphic functional calculus and 
its completion is a C*-algebra. 

63 The corollary states that under the condition that the topology of a Frechet algebra A is finer than 
the sup-norm topology we may conclude that if A is closed under holomorphic functional calculus, 
then this holds also for all matrix algebras over A. 
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derivatives of fif * ?/y are uniform in i, i.e., if we glue the functions fif * together 
to a function on the manifold M (note that the functions fif * are supported in our 
chosen nice cover since convolution with enlarges the support at most by e), we get a 
function f e G C£°(M). It remains to show that f e converges to / in sup-norm, which is 
equivalent to the statement that fif * / if £ converges to fif in sup-norm and uniformly in 
i. But we know that 

\{<Pif * A)(x) - (<Pif)(x) |< sup \(fif)(x-y)-(fif)(x)\ 

zSsupp if if 

y&B E { o) 

from which the claim follows since the family of functions fif is uniformly equicontinuous 
(recall that this followed from the uniform continuity of / and this here is actually the 
only point in this proof where we need that property of /). □ 

Since C£°(M) is an m-convex Frechet algebrap] we can also use the it'-theory for 
m-convex Frechet algebras as developed by Phillips in | IPhi91| to define the W-theory 
groups of Cff'(M). But this produces the same groups as operator A'-theory, since 
C£°(M) is an m-convex Frechet algebra with a finer topology than the norm topology 
and therefore its K -theory for m-convex Frechet algebras coincides with its operator 
A'-theory by |Phi9F Corollary 7.9]. 

We summarize this observations in the following lemma: 

Lemma 4.8. Let M be a manifold of bounded geometry. 

Then the operator K-theory ofC u (M), the operator K-theory ofC%°(M) and Phillips 
K-theory for m-convex Frechet algebras ofC£°(M) are all pairwise naturally isomorphic. 

So we have shown K*(M) = K_*(C%°(M)). In order to conclude the description 
via vector bundles of bounded geometry, we will need to establish the correspondence 
between vector bundles of bounded geometry and idempotent matrices with entries in 
C£°(M). This will be done in the next subsections. 

Isomorphism classes and complements 

Let M be a manifold of bounded geometry and E and F two complex vector bundles 
equipped with Hermitian metrics and compatible connections. 

Definition 4.9 (C'°°-boundedness / C^-isomorphy of vector bundle homomorphisms). 
We will call a vector bundle homomorphism f.E—>F C°°-bounded, if with respect to 
synchronous framings of E and F the matrix entries of f are bounded, as are all their 
derivatives, and these bounds do not depend on the chosen base points for the framings 
or the synchronous framings themself. 

E and F will be called C£° -isomorphic, if there exists an isomorphism f.E—^F 
such that both f and f~ x are C'°°-bounded. In that case we will call the map f a 
C^-isomorphism. Often we will write E = F when no confusion can arise with mistaking 
it with algebraic isomorphy. 

64 That is to say, a Frechet algebra such that its topology is given by a countable family of submultiplicative 
seminorms. 
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Using the characterization of bounded geometry via the matrix transition functions 
from Lemma 2.5, we immediately see that if E and F are (7^°- isomorphic, than E is of 
bounded geometry if and only if F is. 

It is clear that C£°-isomorphy is compatible with direct sums and tensor products, i.e., 
if E = E' and F = F' then E ® F = E' ® F' and E <g) F = E' <g> F'. 

We will now give a useful global characterization of C^-isomorphisms if the vector 
bundles have bounded geometry: 


Lemma 4.10. Let E and F have bounded geometry and letp: E —>■ F be an isomorphism. 
Then Lp is a C£°-isomorphism if and only if 

• ip and p- 1 are bounded, i.e., ||</?(u)|| < C ■ ||u|| for all v G E and a fixed C > 0 and 
analogously for p^ 1 , and 

• V B — p*X F is bounded and also all its covariant derivatives. 

Proof. For a point p G M let B C M be a geodesic ball centered at p, {xi} the 
corresponding normal coordinates of B, and let {E a (y)}, y G B, be a framing for E. 
Then we may write every vector held X on B as X — X 1 -^ — (. X *,..., X n ) T and every 
section e of E as e = e a E a = (e 1 ,..., e k ) T , where we assume the Einstein summation 
convention and where • T stands for the transpose of the vector (i.e., the vectors are 
actually column vectors). Furthermore, after also choosing a framing for F, p becomes 
a matrix for every y G B and p(e) is then just the matrix multiplication p(e) = p ■ e. 
Finally, V^e is locally given by 

Vf e = X(e) + r s (X) • e, 


where X(e ) is the column vector that we get after taking the derivative of every entry 
e- 7 of e in the direction of X and is a matrix of 1-forms (i.e., r s (X) is then a usual 
matrix that we multiply with the vector e). The entries of T E are called the connection 
1-forms. 

Since p is an isomorphism, the pull-back connection p*X h is given by 

(p*X F ) x e = p*(W F x (p- 1 Te), 


so that locally we get 


(p*X F ) x e = p- 1 • (X(p ■ e ) + T f (X) • p ■ e). 

Using the product rule we may rewrite X[p ■ e) = X{p) ■ e + p ■ X(e), where X(p) is the 
application of X to every entry of p. So at the end we get for the difference V E — p*X t 
in local coordinates and with respect to framings of E and F 

(y E _ p*X F ) x e = r £ (X) -e-p- 1 ■ X(p) ■ e - p~ L ■ V F (X) ■ p ■ e. (4.1) 


Since E and F have bounded geometry, by Lemma [2~5] the Christoffel symbols of them 
with respect to synchronous framings are bounded and also all their derivatives, and 
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these bounds are independent of the point p G M around that we choose the normal 
coordinates and the framings. Assuming that p is a C^-isomorphism, the same holds 
for the matrix entries of p and p~ x and we conclude with the above Equation (4.1) that 
the difference V E — p*X F is bounded and also all its covariant derivatives (here we also 
need to consult the local formula for covariant derivatives of tensor fields). 

Conversely, assume that p and p^ 1 are bounded and that the difference V E — (p* X F is 
bounded and also all its covariant derivatives. If we denote by T dlff the matrix of 1-forms 
given by 

r diff (x) = r s (x) - (p - 1 • x(p) - (p - 1 ■ r F (x) • <p, 


we get from Equation (4.1) 


x(p) = p • (r*(x) - r diff (x)) - r*'(x). 


Since we assumed that p is bounded, its matrix entries must be bounded. From the 
above equation we then conclude that, also the first derivatives of these matrix entries 
are bounded. But now that we know that the entries and also their first derivatives are 
bounded, we can differentiate the above equation once more to conclude that also the 
second derivatives of the matrix entries of p are bounded, on so on. This shows that p is 
C^-bounded. At last, it remains to see that the matrix entries of p~ l and also all their 
derivatives are bounded. But since locally p~ l is the inverse matrix of p, we just have to 
use Cramer’s rule. □ 


An important property of vector bundles over compact spaces is that they are always 
complemented, i.e., for every bundle E there is a bundle F such that E®F is isomorphic 
to the trivial bundle. Note that this fails in general for non-compact spaces. So our 
important task is now to show that we have an analogous proposition for vector bundles 
of bounded geometry, i.e., that they are always complemented (in a suitable way). 

Definition 4.11 (C^-complemented vector bundles). A vector bundle E will be called 
C£°-complemented, if there is some vector bundle E E such that E®E e is (P^-isomorphic 
to a trivial bundle with the flat connection. 

Since a bundle with a flat connection is trivially of bounded geometry, we get that 
E © E l is of bounded geometry. And since a direct sum E © E E of vector bundles is of 
bounded geometry if and only if both vector bundles E and E e are of bounded geometry, 
we conclude that if E is (^-complemented, then both E and its complement E E are of 
bounded geometry. It is also clear that if E is (^-complemented and F = E, then F is 
also C^-complemented. 

We will now prove the crucial fact that every vector bundle of bounded geometry is 
(^-complemented. The proof is just the usual one for vector bundles over compact 
Hausdorff spaces, but we additionally have to take care of the needed uniform estimates. 
As a source for this usual proof the author used |Hat091 Proposition 1.4]. 

Proposition 4.12. Let M be a manijold of bounded geometry and let E —> M be a 
vector bundle of bounded geometry. 

Then E is Cf°-complemented. 
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Proof. Since M and E have bounded geometry, we can find a uniformly locally finite 
cover of M by normal coordinate balls of a fixed radius together with a subordinate 
partition of unity whose derivatives are all uniformly bounded and such that over each 
coordinate ball E is trivialized via a synchronous framing. This follows basically from 
Lemma 12.41 

Now we color the coordinate balls with finitely many colors so that no two balls with 
the same color do intersect P’1 This gives a partition of the coordinate balls into N families 
U\,... ,Un such that every Ui is a collection of disjoint balls, and we get a corresponding 
subordinate partition of unity 1 = ipi + ... + ipw with uniformly bounded derivatives 
(each ipi is the sum of all the partition of unity functions of the coordinate balls of Uf). 
Furthermore, E is trivial over each Ui and we denote these trivializations coming from 
the synchronous framings by hi'. — > Ui x C k , where p: E —y M is the projection. 

Now we set 

9i- E ->• C k , gfv) := <Pi(p(v)) ■ ^(/^(u)), 

where 7q: Ui x C k —> C k is the projection. Each g % is a linear injection on each fiber over 
0,1] and so, if we define 

g- E -)■ C Nk , g(v) := (gi(v),.. .,g N {v)), 

we get a map g that is a linear injection on each fiber of E. Finally, we define a map 

G: E —>■ M x C Nk , G(v) := (p(v),g(v)). 


This establishes E as a subbundle of a trivial bundle. 

If we equip M x C Nk with a constant metric and the flat connection, we get that 
the induced metric and connection on E is C'^-isomorphic to the original metric and 
connection on E (this is due to our choice of G). Now let us denote by e the projection 
matrix of the trivial bundle C Nk onto the subbundle G(E) of it, i.e., e is an Nk x Nk- 
matrix with functions on M as entries and im e = E. Now, again due to our choice of 
G, we can conclude that these entries of e are bounded functions with all derivatives 
of them also bounded, i.e., e G ldem.NkxNk(C^°(M)). Now the claim follows with the 
Proposition 4.14 which establishes the orthogonal complement E L of E in C Nk with the 
induced metric and connection as a C£°-complement to E. □ 


65 Construct a graph whose vertices are the coordinate balls and two vertices are connected by an edge 
if the corresponding coordinate balls do intersect. We have to find a coloring of this graph with 
only finitely many colors (where of course connected vertices do have different colors). To do this, 
we firstly use the theorem of de Bruijin-Erdos stating that an infinite graph may be colored by k 
colors if and only if every of its finite subgraphs may be colored by k colors. Secondly, since the 
coordinate balls have a fixed radius and since our manifold has bounded geometry, the number of 
balls intersecting a fixed one is uniformly bounded from above. It follows that the number of edges 
attached to each vertex in our graph is uniformly bounded from above, i.e., the maximum vertex 
degree of our graph is finite. But this also holds for every subgraph of our graph, with the maximum 
vertex degree possibly only decreasing by passing to a subgraph. Now a simple greedy algorithm 
shows that every finite graph may be colored with one more color than its maximum vertex degree. 
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We have seen in the above proposition that every vector bundle of bounded geometry 
is C“-complemented. Now if we have a manifold of bounded geometry M , then its 
tangent bundle TM is of bounded geometry and so we know that it is C£°-complemented 
(although TM is real and not a complex bundle, the above proof of course also holds 
for real vector bundles). But in this case we usually want the complement bundle to be 
given by the normal bundle NM coming from an embedding M . We will prove 

this now under the assumption that the embedding of M into is “nice”j^| 


Corollary 4.13. Let M be a manifold of bounded geometry and let it be isometrically 
embedded into such that the second fundamental form is C°°-bounded. 

Then its tangent bundle TM is C£°-complemented by the normal bundle NM corre¬ 
sponding to this embedding M M. N , equipped with the induced metric and connection. 


Proof. Let M be isometrically embedded in WL N . Then its tangent bundle TM is a 
subbundle of TM W and we denote the projection onto it by tt: TM. n —y TM. Because 
of Point 1 of the following Proposition 4.14 it suffices to show that the entries of i r are 
(7°°-bounded functions. 

Let {uj} be the standard basis of M. N and let {E a (y)} be the orthonormal frame of 
TM arising out of normal coordinates {<9*,} of M via the Gram-Schmidt process. Then 
the entries of the projection matrix n with respect to the basis {u,} are given by 


n ij(y) = ^2( E a(v),v j )(E a (y),v i ). 

a 


Let V denote the flat connection on . Since Vg k Vi = 0 we get 

dkTTij(y) = ^2{^d k E a (y),Vj)(E a (y),Vi) + (E a (y),v j ){Va k E a (y),v i ). 

a 

Now if we denote by V A/ the connection on M, we get 

V dk E a (y) = VME a (y) + H(d k ,E a ), 

where II is the second fundamental form. So to show that 7is C^-bounded, we must 
show that E a (y ) are C ,00 -bounded sections of TM (since by assumption the second 
fundamental form is a C°°-bounded tensor field). But that these E a (y) are C ,oc -bounded 
sections of TM follows from their construction (i.e., applying Gram-Schmidt to the 
normal coordinate fields dk) and because M has bounded geometry. □ 


Interpretation of JL°(M) 

Recall for the understanding of the following proposition that if a vector bundle is 
C^-complemented, then it is of bounded geometry. Furthermore, this proposition is 
the crucial one that gives us the description of uniform it-theory via vector bundles of 
bounded geometry. 

66 See rPetTTI for a discussion of existence of “nice” embeddings. 
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Proposition 4.14. Let M be a manifold of bounded geometry. 

1. Let e G IdemAT X Ar(C'“(M)) be an idempotent matrix. 

Then the vector bundle E := im e, equipped with the induced metric and connection, 
is Cff°-complemented. 

2. Let E be a Cf°-complemented vector bundle, i.e., there is a vector bundle E L such 
that E © E l is Cfj°-isomorphic to the trivial N-dimensional bundle C N —> M. 

Then all entries of the projection matrix e onto the subspace E © 0 C C N with 
respect to a qlobal synchronous framinq of C N are C°°-bounded, i.e., we have 
e G Idem nxn(C£°(M)). 

Proof of point 1. We denote by E the vector bundle E : = im e and by E L its complement 
E 1 := im(l — e) and equip them with the induced metric and connection. So we have to 
show that E © E 1 - is C^-isomorphic to the trivial bundle C N —> M. 

Let (p: E © E 1 —>■ C N be the canonical algebraic isomorphism p(y,w) := v + w. We 
have to show that both (p and p~ x are C^-bounded. 

Let p G M. Let {E a } be an orthonormal basis of the vector space E p and {E^} an 
orthonormal basis of E^ . Then the set {E a , E^} is an orthonormal basis for C £. We 
extend {E a } to a synchronous framing {E a (y)} of E and { E to a synchronous framing 
{Ep(y)} of E ± . Since is equipped with the flat connection, the set {E a , E^} forms 
a synchronous framing for C N at all points of the normal coordinate chart. Then p(y) 
is the change-of-basis matrix from the basis {E a (y), Ep(y)} to the basis {E a , E^} and 
vice versa for p~ l {y)] see Figure [3j 

We have e(p)(E a ) = E a . Since the entries of e are C°°-bounded and the rank of a 
matrix is a lower semi-continuous function of the entries, there is some geodesic ball B 
around p such that {e(y)(E a )} forms a basis of E y for all y G B and the diameter of 
the ball B is bounded from below independently of p G M. We denote by T f u (y) the 
Christoffel symbols of E with respect to the frame {e(y)(E a )}. Let y(t) be a radial 
geodesic in M with y(0) = p. If we now let E a (py(t)) fi denote the /ith entry of the vector 
Eoi{p{t )) represented in the basis {e (7 (t))(E a )}, then (since it is a synchronous frame) it 
satisfies the ODE 

|s«(7(<))" = - E B «(7(*))" ■ s7i(i) ■ tfohW). 

where { 7 *} is the coordinate representation of 7 in normal coordinates { 07 }. Since 7 is a 
radial geodesic, its representation in normal coordinates is 7 ;(f) = t ■ 7 i( 0 ) and so the 
above formula simplifies to 

£EMt)y = - E E4i(t)f ■ 7 ,( 0 ) ■ r£( 7 «). ( 4 . 2 ) 

i,is 

Since T^(y) are the Christoffel symbols with respect to the frame {e(y)(E a )}, we get 
the equation 

E r <» ■ <*)(£„) = VgefsKBJ. (4.3) 
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Now using that V E is induced by the flat connection, we get 


Vge(y)(£„) = e(dMy)(E v ))) = e((9,e)( Z /)(^)), 


i.e., e((die)(y)(E„)) is the representation of Vg_e(y)(E u ) with respect to the frame 
{E a ,Ep}. Since the entries of e are C'°°-bounded, the entries of this representation 
e((die)(y)(E v )) are also C^-bounded. From Equation (4.3) we see that T^ v (y) is the 
representation of Vg.e(y)(E u ) in the frame {e(y)(E^)}. So we conclude that the Christoffel 
symbols Tf u (y) are C'°°-bounded functions. 

Equation (4.2) and the theory of ODEs now tell us that the functions E a (y ) /i are 
C'°°-bounded. Since these are the representations of the vectors E a (y ) in the basis 
{e(y)(E a )} : we can conclude that the entries of the representations of the vectors E a (y) 
in the basis {E a , Eg} are C^-bounded. But now these entries are exactly the first 
(dim £7) columns of the change-of-basis matrix ip(y). 

Arguing analogously for the complement E e , we get that the other columns of ip(y) 
are also C'°°-bounded, i.e., p itself is C'°°-bounded. 

It remains to show that the inverse homomorphism ip~ l is C^-bounded. But since 
pointwise it is given by the inverse matrix, i.e., this claim follows 

immediately from Cramer’s rule, because we already know that p is C°°-bounded. □ 


Proof of point 2. Let {E a (y)} be a synchronous framing for E and {Eg(y)} one for E E . 
Then {E a (y), Ef{y)} is one for E © E e . Furthermore, let {vi(y)} be a synchronous 
framing for the trivial bundle C N and let (p: E © E E —y be the C'^ 0 -isomorphism. 
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Then projection matrix e G IdemAr X jv(C' 00 (M)) onto the subspace E © 0 is given with 
respect to the basis {E a (y), Ep-(y)} of E © E 1 - and of C N by the usual projection matrix 
onto the first (dim E) vectors, i.e., its entries are clearly C°°-bounded since they are 
constant. Now changing the basis to {n* (y)}, the representation of e(y) with respect to 
this new basis is given by tp~ l (y) ■ e ■ <p(y), i.e., e G Idenqv x 

If we have a (^-complemented vector bundle E, then different choices of complements 
and different choices of isomorphisms with the trivial bundle lead to similar projection 
matrices. The proof of this is analogous to the corresponding proof in the usual case of 
vector bundles over compact Hausdorff spaces. We also get that C'j^-isomorphic vector 
bundles produce similar projection matrices. Of course this also works the other way 
round, i.e., similar idempotent matrices give us C^-isomorphic vector bundles. Again, 
the proof of this is the same as the one in the topological category. 


Definition 4.15. Let M be a manifold of bounded geometry. We define 


• Vect u (M)/~ as the abelian monoid of all complex vector bundles of bounded 
geometry over M modulo Cfi - isomor ph is in (the addition is given by the direct sum 
[E] + [A] := [E © F]) and 


Iderri (Cjfi (M))/^ as the abelian monoid of idempotent matrizes of arbitrary size 
over the Frechet algebra C£°(M) modulo similarity (with addition defined as 
O' " 


[e] + [/] == 


/ 


Let /: M —> N be a C°°-bounded mappj and E a vector bundle of bounded geometry 
over N. Then it is clear that the pullback bundle f*E equipped with the pullback metric 
and connection is a vector bundle of bounded geometry over M. 


The above discussion together with Proposition 4.14 prove the following corollary: 


Corollary 4.16. The monoids Vect u (M)/~ and Idem(C'^°(M))/^ are isomorphic and 
this isomorphism is natural with respect to C°°-bounded maps between manifolds. 


From this Corollary 4.16 Lemma TO and Proposition |4.12] we immediately get the 
following interpretation of the Oth uniform A'-theory group K®(M) of a manifold of 
bounded geometry: 


Theorem 4.17 (Interpretation of K®(M)). Let M be a Riemannian manifold of bounded 
geometry and without boundary. 

Then every element of K®(M) is of the form. [E] — [A] ; where both [E] and [A] are 
Cf°-isomorphism classes of complex vector bundles of bounded geometry over M. 
Moreover, every complex vector bundle of bounded geometry defines a class in 


Note that the last statement in the above theorem is not trivial since it relies on the 


Proposition 4.12 


67 We use covers of M and N via normal coordinate charts of a fixed radius and demand that locally in 
this charts the derivatives of / are all bounded and these bounds are independent of the chart used. 
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Interpretation of K l(M) 

For the interpretation of K X U (M) we will make use of suspensions of algebras. The sus¬ 
pension isomorphism theorem for operator it"-theory states that we have an isomorphism 
Ki(C u (M)) = K 0 (SC U (AL)), where SC U (M) is the suspension of C U (M)\ 

SC U (M ) := {/: S 1 —> C U (M ) | / continuous and /(1) = 0} 

= {/ G C U (S 1 x M) | f(l,x) = 0 for all x G M}. 

Equipped with the sup-norm this is again a C*-algebra. Since functions / G SC U (M ) 
are uniformly continuous, the condition /( l,x) = 0 for all x G M is equivalent to 
lim^x f(t, x) — 0 uniformly in x. 

Now in order to interpret K 0 (SC U (M )) via vector bundles of bounded geometry over 
S 1 x M , we will need to find a suitable Frechet subalgebra of SC U (M ) so that we can 
again use Proposition |4.14[ Luckily, this was already done by Phillips in |Phi9l| : 

Definition 4.18 (Smooth suspension of a Frechet algebras, |Phi91l Definition 4.7]). Let 
A be a Frechet algebra. Then the smooth suspension S^A of A is defined as the Frechet 
algebra 

S^A := {/: S 1 —>■ A | / smooth and /(1) = 0} 

equipped with the topology of uniform convergence of every derivative in every seminorm 
of A. 


For a manifold M we have 


SooCf°(M) = {/ G C^(S l x M) | /(l,x) = 0 for all x G M} 

= {/ G C^(S l x M ) I Vfc G N 0 : lim V k c f(t,x) = 0 uniformly in x}. 

t— S>1 


The proof of the following lemma is analogous to the proof of the Lemma 4.6 


Lemma 4.19. Let M be a manifold of bounded geometry. 

Then the sup-norm completion of S 00 C£°(M) is SC U (M ) and S 00 C£°(M) is a local 
C*-algebra. 


Putting it all together, we get K*(M) = K 0 (S oo C^°(AI)) 1 and Proposition 4.14 adapted 
to our case here, gives us the following interpretation of the 1 st uniform A'-theory group 
KyfM) of a manifold of bounded geometry: 


Theorem 4.20 (Interpretation of A',](M)). Let M be a Riemannian manifold of bounded 
geometry and without boundary. 

Then every elem.ents of K^fM) is of the form. [E] — [F], where both [E] and [A] are 
Cf°-isomorphism classes of complex vector bundles of bounded geometry over S 1 x M 
with the following property: there is some neighbourhood U G S 1 of 1 such that [E\uxm\ 
and [A|[/ x m] are Cf°-isomorphic to a trivial vector bundle with the flat connection (the 
dimension of the trivial bundle is the same for both [A|[/ x m] and [F\uxm\)- 

Moreover, every pair of complex vector bundles E and F of bounded geometry and with 
the above properties define a class [E] — [A] in K((M). 


Note that the last statement in the above theorem is not trivial since it relies on the 


Proposition 4.12 
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4.3 Cap product 

In this section we will define the cap product fl: KfjX) <g) K™{X) —> Kf_ v (X) for a 
locally compact and separable metric space X of jointly bounded geometnpd 
Recall that we have 

L-Lip R (A) := {/ G C c (X) \ f is L-Lipschitz, diam(supp /) < R and ||/||oo < 1}. 

Let us first describe the cap product of K®(X) with Kf(X) on the level of uniform 
Fredholm modules. The general definition of it will be given via dual algebras. 

Lemma 4.21. Let P be a projection in Mat nxn (Cb(A")) and let (H,p,T) be a uniform 
Fredholm module. 

We set H n H C n , p n (-) p(-) <8> ido, T n ■= T ® idc^ and by 7r we denote the 

matrix := p(Pij) G Mat nxn (Q3(lL)) = *B(H n ). 

Then (nH n ,np n n,TTT n n) is a uniform Fredholm module, with an induced (multi-)grading 
if (H, p,T) was (multi-)graded. 

Proof. Let us first show that the operator 7iT n 7i is a uniformly pseudolocal one. Let 
R, L > 0 be given and we have to show that {[ 7 rT n 7 r, 7 rp n (/) 7 r] | / G L- Lip R (A)} is 
uniformly approximate. This means that we must show that for every e > 0 there exists 
an N > 0 such that for every [7rT n 7r,7rp n (/)7r] with / G L-Lip R (X) there is a rank-TV 
operator k with || [7rT n 7r, 7rp n (/)7r] — k\\ < e. 

We have 

[7rT n 7r,7rp n (/)7r] = 7r[T n , np n (f)]ir, 

because 7 r 2 = 7 r and 7 r commutes with p n (f). So since ( 7 r p n (f))ij = p(Pijf) £ 53(//”), we 
get for the matrix entries of the commutator 

(lT n ,np n (f)])„={T,p(P„f)]. 

Since the P^ are bounded and uniformly continuous, they can be uniformly approxi¬ 
mated by Lipschitz functions, i.e., there are Pf with 

||Py-/>'|| 00 <£/(4n 2 ||T||). 

Note that we have Pf-f G L t] - Lip fl (A), where L tJ depends only on L and Pf. We define 
L' := ma x{Lij}. 

Now we apply the uniform pseudolocality of T, i.e., we get a maximum rank N' 
corresponding to R, L' and e/2n 2 . So let kfj be the rank-A^' operators corresponding to 
the functions Pfjf, i.e., 

ll[r,p(i^/)]*^||<£/ 2 n J . 


68 see Definition 


3.19 
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We set k := n(kfj) tt, where (kfj) is viewed as a matrix of operators. Then k has rank 
at most N := n 2 N'. Then we compute 


||[7rT n 7r,7rp n (/)7r] - k\\ 

= I \n[T„, 7rp n (/)]7r - 7r(^)7r|| 

< ||tt|| 2 • n 2 ■ max{\\[T, p(P ij f)) - fcf. ||} 

h3 

< IM | 2 ■ « 2 ' maxdHT.pfP^/)] - \T,p(Py )}|| + ||pr>(/*/)] - i'll} 

l ’j V- v -' ''--V---' 

^[TAPij-P&pim <e/2 n 2 

< Ikll 2 • ^ ■ max{2||T|| • ||p(P 0 - - /*)ll • ||p(/)|| +e/2n 2 } 

l,J ^^^ 

<e/(4n 2 ||T||) 


which concludes the proof of the uniform pseudolocality of 7rT n 7r. 

That ( 7iT n 7T ) 2 — 1 and nT n n — (nT n 7r)* are uniformly locally compact can be shown 
analogously. Note that because T is uniformly pseudolocal we may interchange the 
order of the operators T n and p(P^f) in formulas (since for fixed R and L the subset 
{[T n , p(P[jf)\ | / G L- Lip fi (A)} C *B(H n ) is uniformly approximate). 

We have shown that (7rH n , 7rp n 7r, TcT n 7r) is a uniform Fredholm module. That it inherits 
a (multi-)grading from ( H , p, T) is clear and this completes the proof. □ 

That the construction from the above lemma is compatible with the relations defining K- 
theory and uniform K -homology and that it is bilinear is quickly deduced and completely 
analogous to the non-uniform case. So we get a well-defined pairing 


n: K° U (X) <g> K:(X) k:(x) 


which exhibits K*(X) as a module over the ring K® ( X ) j^j 

To dehne the cap product in its general form, we will use the dual algebra picture of 
uniform K -homology, i.e., Paschke duality: 


Definition 4.22 (|Spa09, Definition 4.1]). Let H be a separable Hilbert space and 


p: Cq(X) —> *B(H) a representation. 

We denote by 2)“ e0 (A") C (H @ H) the C*-algebra of all uniformly pseudolocal 
operators with respect to the representation p © 0 of Cq{X) on the space H © H and by 
£“ mQ (X) C © H) the C*-algebra of all uniformly locally compact operators. 


That the algebras £>“ 0O (X) and £“ e0 (A") are indeed C*-algebras was shown by Spakula 


m 


Spa09, Lemma 4.2], There it was also shown that ^eoPO C 3p®o(A) is a closed, 


two-sided *-ideal. 


69 Compatibility with the internal product on K {i u (X), i.e., (P®Q)flT = P D (Q D T), is easily deduced. 
It mainly uses the fact that the isomorphism Mat nxn (C) ®Mat mxm (C) = Mat nmxrim (C) is canonical 
up to the ordering of basis elements. But different choices of orderings result in isomorphisms that 
differ by inner automorphisms, which makes no difference at the level of A'-theory. 
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Definition 4.23. The groups A'“ 1 (A";p©0) are analogously defined as AT,(A), except 
that we consider only uniform Fredholm modules whose Hilbert spaces and representations 
are (finite or countably infinite) direct sums of A © A and p © 0. 

For AT“(X; p © 0) we consider only uniform Fredholm modules modeled on H' © H' 
with the representation p' © p', where H' is a finite or countably infinite direct sum of 
A © A and p' analogously a direct sum of finitely or infinitely many p © 0, and the 
grading is given by interchanging the two summands in H' ©A '. Such Fredholm modules 
are called balanced in [IHR00 , Definition 8.3.10]. 


Proposition 4.24 ([Spa09 Proposition 4.3]). The maps 


V* ■ X 1+ *(£“ 0O (X)) -G K(X-p © 0) 


for * = —1, 0 are isomorphisms. 


Combining the above proposition with the following uniform version of Voiculescu’s 
Theorem, we get the needed uniform version of Paschke duality. 


Theorem 4.25 ( SpalO Corollary 3.6]). Let X be a locally compact and separable metric 
space of jointly bounded geometry and p\ Cq(X) —> 23(A) an ample representation, i.e., 
p is non-degenerate and p(f) G .h(A) implies f = 0. 

Then we have 

Kf(X] p © 0) = Kf(X) 

for both * = —1, 0. 

The following lemma is_a uniform analog of the fact |HR00 . Lemma 5.4.11 and is 
essentially proven in Spa09, Lemma 5.3] (by “setting Z := 0” in that lemma). 

Lemma 4.26. We have 

K.(C^ 0 (X)) = 0 

and so the quotient map £>“ 0O (X) —)■ !D“ 0O (A")/(Jl“ eo (A") induces an isomorphism 

A'.(®^„(A')) = A-.(®^„(A-)/£; e0 (A)) (4.4) 

due to the 6-term exact sequence for K-theory. 


The last ingredient to construct the cap product is the inclusion 


(C„(A),®^ 0 (A)]c£^ 0 (A). (4,5) 

It is proven in the following way: let p G C U (X) and T G 5D“ 0O (X). We have to show 
that [</?, T\ G £“ 0O (X). By approximating ip uniformly by Lipschitz functions we may 
without loss of generality assume that p itself is already Lipschitz. Now the claim follows 
immediately from f[tp,T\ = [fip,T] — [/, T]p since T is uniformly pseudolocal. 

Now we are able to define the cap product. Consider the map 


O' Cu( A) <8 ®^0 O (A) -4 ®^o(A)/^ ffi0 (A), / ® T ^ {}T}. 
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It is a multiplicative ^-homomorphism due to the above Equation (4.5) and hence induces 
a map on it"-theory 

ff.: K,(C U (X) ®£" iS0 (.Y)) -> A-.(S“ eo (.Y)/£; eo (A')). 

Using Paschke duality we may define the cap product as the composition 


K(X)»K;(X-p9 0) = K- p (C a (X)) ® AW®*wW) 

-> K-p+l+q(C U (X) ®®p©o(V)) 

4 A_ p+1+ ,(»^ 0 (A)/£J m (A)) 

P~4]l 

V a_ p+i+ „(J)j m (x)) 

= A„%(X;p©0), 

where the first arrow is the external product on /L-theory. So we get the cap product 


n :K>(x)®iq{x)-nq_ p {x). 

Let us state in a proposition some properties of it that we will need. The proofs of 
these properties are analogous to the non-uniform case. 

Proposition 4.27. The cap product has the following properties: 

• the pairing of K®(X) with Kf{X) coincides with the one in Lemma 

• the fact that Kf (X ) is a module over K®(X) generalizes to 

(P®Q) nr = Pn(Qnr) (4.6) 

for all elements P,Q G K*(X) and T G Kf(X), where <E> is the internal product 
on uniform K-theory, 

• if X and Y have jointly bounded geometry, then we have the following compatibility 
with the external products: 

(P x Q) n {S x T) = (-1 ) qs (P n S) x (Q n T), (4.7) 

where P G K%(X), Q G Kj(Y) and S G Kf(X), T G Kf(Y), and 

• if we have a manifold of bounded geometry M, a vector bundle of bounded geometry 
E —>■ M and an operator D of Dirac type, then 

[E] n [D] = [D e ] G K:(M), (4.8) 

where De is the twisted operator. 


4.21 
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4.4 Uniform /i-Poincare duality 


We will prove in this section that uniform /h-theory is indeed the dual theory to uniform 
A'-homology. To this end we will show that they are Poincare dual to each other. This 
will be accomplished by a suitable Mayer-Vietoris induction of which the idea will also 
be used later in this paper to prove similar results like the uniform Chern character 


isomorphism theorems in Section 5.3 


Theorem 4.28. Let M be an m-dimensional spin c manifold of bounded geometry and 
without boundary. 

Then the cap product • D [M \: K*(M ) —» A^_*(M) with its uniform K-fundamental 
class [ M ] G K? n (M) is an isomorphism. 


We will need the following Theorem 4.31 about manifolds of bounded geometry. To 
state it, we have to recall some notions: 


Definition 4.29 (Bounded geometry simplicial complexes). A simplicial complex has 
bounded geometry if there is a uniform bound on the number of simplices in the link of 
each vertex. 

A subdivision of a simplicial complex of bounded geometry is called a uniform subdivi¬ 
sion if 

• each simplex is subdivided a uniformly bounded number of times on its n-skeleton, 
where the n-skeleton is the union of the n-dimensional sub-simplices of the simplex, 
and 

• the distortion length(e) + length(e) -1 of each edge e of the subdivided complex is 
uniformly bounded in the metric given by barycentric coordinates of the original 
complex. 

Definition 4.30 (Continuous quasi-isometries). Two metric spaces X and Y are said to 
be quasi-isometric if there is a homeomorphism /: X —>■ Y with 


^d x (x,x') < d Y {f{x),f(x')) < Cd x (x,x') 
for all x, x' G X and some constant C > 0. 

Theorem 4.31 ( |Att941 Theorem 1.14]). Let M be a manifold of bounded geometry and 
without boundary. 

Then M admits a triangulation as a simplicial complex of bounded geometry whose 
metric given by barycentric coordinates is quasi-isometric to the metric on M induced by 
the Riemannian structure. This triangulation is unique up to uniform subdivision. 

Conversely, if M is a simplicial complex of bounded geometry which is a triangulation 
of a smooth manifold, then this smooth manifold admits a metric of bounded geometry 
with respect to which it is quasi-isometric to M. 
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Remark 4.32. Attie uses in [ Att94j a weaker notion of bounded geometry as we do: 
additionally to a uniformly positive injectivity radius he only requires the sectional 
curvatures to be bounded in absolute value (i.e., the curvature tensor is bounded in 
norm), but he assumes nothing about the derivatives (see [ Att94L Definition 1.4]). But 
going into his proof of |Att94 . Theorem 1.14], we see that the Riemannian metric 
constructed for the second statement of the theorem is actually of bounded geometry in 
our strong sense (i.e., also with bounds on the derivatives of the curvature tensor). 

As a corollary we get that for any manifold of bounded geometry in Attie’s weak sense 
there is another Riemannian metric of bounded geometry in our strong sense that is 
quasi-isometric the original one (in fact, this quasi-isometry is just the identity map of 
the manifold, as can be seen from the proof). 

Lemma 4.33. Let M be a manifold, of bounded geometry. 

Then there is an e > 0 and a countable collection of uniformly discretely distributed 
points {xi} C M such that {B e (xi)} is a uniformly locally finite cover of M. 

Furthermore, it is possible to partition N into a finite amount of subsets / 1 ,..., Ty 
such that for each 1 < j < N the subset Uj := LU B e (xi) is a disjoint union of balls 
that are a uniform distance apart from each other, and such that for each 1 < K < N 
the connected components of Uk U\ U ... U are also a uniform distance apart from 
each other (see Figure^). 













Figure 4: Illustration for Lemma 14.33 
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Proof. We triangulate M via the above Theorem |4.31 Then we may take the vertices of 
this triangulation as our collection of points {x*} and set e to 2/3 of the length of an edge 
multiplied with the constant C which we get since the metric derived from barycentric 
coordinates is quasi-isometric to the metric derived from the Riemannian structure. 

Two balls B e (xi ) and B e (xf) for Xj 7 ^ Xj intersect if and only if Xi and x 3 are adjacent 
vertices, and in the case that they are not adjacent, these balls are a uniform distance 
apart from each other. Hence it is possible to find a coloring of all these balls {B e (xi)} 
with finitely many colors having the claimed property!™] □ 


Our proof of Poincare duality is a suitable version of a Mayer-Vietoris induction 
which will have only finitely many steps. So we first have to discuss the corresponding 
Mayer-Vietoris sequences. 

We will start with the Mayer-Vietoris sequence for uniform theory. Let 0 C M 
be an open subset, not necessarily connected. We denote by (M, d) the metric space M 
endowed with the metric induced from the Riemannian metric g on M, and by C u (0,d) 
we denote the (7*-algebra of all bounded, uniformly continuous functions on O, where we 
regard O as a metric space equipped with the subset metric induced from d (i.e., we do 
not equip O with the induced Riemannian metric and consider then the corresponding 
induced metric structure; see Figure [5]). 



Figure 5: The metric on O induced from being a subset of the metric space (M, d) may 
differ vastly from the induced Riemannian metric. 


Definition 4.34. Let OcMbe an open subset, not necessarily connected. We define 
KP(0cM)-.= K_ p (C u (0,d)). 

We will also need the following technical theorem about the existence of extensions of 
uniformly continuous functions: 


Lemma 4.35. Let O C M be open, not necessarily connected. Then every function 
f G C u (0, d) has an extension to an F G C U (M, d). 


Proof. For a metric space X let uX denote the Gelfand space of C U (X), i.e., this is a 
compactihcation of X (the Samuel compactification ) with the following universal property: 
a bounded, continuous function / on X has an extension to a continuous function on uX 
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if and only if / is uniformly continuous. We will use the following property of Samuel 
compactifications (see [ Woo95 . Theorem 2.9]): if S C X C uX, then the closure cl u x(*S l ) 
of S in uX is the Samuel compactihcation uS of S. 

So given / G C u (0,d), we can extend it to a continuous function / G C{uO). Since 
uO = cl uM {0), i.e., a closed subset of a compact Hausdorff space, we can extend / by 
the Tietze extension theorem to a bounded, continuous function F on uM. Its restriction 
F := F\m to M is then a bounded, uniformly continuous function of M extending /. □ 


Then we have Mayer-Vietoris sequences 

K° u (U k U U k+1 C M )-> K°JU k C M ) © K° u (U k+1 CM) -> K° u (U k n U k+ 1 C M ) 


Lemma 4.36. Let the subsets Uj, Uk of M for 1 < j, K < N be as in Lemma f.33 


K 1 u (U k n U k+ 1 C M) 4 - K*(Uk c M) ® ^(t4 +1 C M) 4 -U f/ fc+1 C M) 

where the horizontal arrows are induced from the corresponding restriction maps. 

Proof. Recall the Mayer-Vietoris sequence for operator /d-theory of C*-algebras (see, 
e.g., [ Bla98 . Theorem 21.2.2]): given a commutative diagram of C*-algebras 



with P = {(cii, (X 2 ) | (^i(ai) = ^ 2 (^ 2 )} C Ai © A 2 and >p\ and surjective, then there is 
a long exact sequence (via Bott periodicity we get the 6-term exact sequence) 

■ ■ ■ -> K n (P) K n {Af) © K n (A 2 ) K n {B) K n _ x {P) ^ ... 


We set A x := C u (U K ,d), A 2 := C u (U k+1 ,d), B := C U (U K fl U k+1 ,d) and ip x , tp 2 the 
corresponding restriction maps. Due to the property of the sets Uk as stated in the 
Lemma 4.33 we get P = C u (Uk U U k +i, d) and a 1 , (T 2 again just the restriction maps. To 
show that the maps tp 1 and p 2 are surjective we have to use the above Lemma 4.35| □ 


We will also need corresponding Mayer-Vietoris sequences for uniform V-homology. As 
for uniform it-theory we use here also the induced subspace metric (and not the metric 
derived from the induced Riemannian metric): let a not necessarily connected subset 
O C M be given. We define Kf(0 C M) to be the uniform A'-homology of O, where O 
is equipped with the subspace metric from M , where we view M as a metric space. The 
inclusion O M is in general not a proper map (e.g., if O is an open ball in a manifold) 
but this is no problem to us since we will have to use the wrong-way maps that exist for 
open subsets O C M: they are given by the inclusions L- Lip ij ,(0) C L- Lip R (M) for all 
A, L > 0. So we get a map Kf(M) —» Kf(0 C M) for every open subset O C M. 


72 





















Existence of Mayer-Vietoris sequences for uniform K -homology of the subsets in the 


cover {Uk, U k +i} of Uk U U k +i (recall that we used Lemma 4.33 to get these subsets) 
incorporating the wrong-way maps may be similarly shown as [ HROO , Section 8.5]. 
The crucial excision isomorphism from that section may be constructed analogously as 
described in [ HROO , Footnote 73]: for that construction Kasparov’s Technical Theorem is 
used, and we have to use here in our uniform case the corresponding uniform construction 
which is as used in our construction of the external product for uniform A'-homology. 
Note that Spakula constructed a Mayer-Vietoris sequence for uniform A'-homology in 


Spa09. Section 5], but for closed subsets of a proper metric space. His arrows also go in 


the other direction as ours (since his arrows are induced by the usual functoriality of 
uniform A'-homology). 

We denote by [M]|o £ A^(0 C M) the class of the Dirac operator associated to the 
restriction to a neighbourhood of O of the complex spinor bundle of bounded geometry 
defining the spin c -structure of M (i.e., we equip the neighbourhood with the induced 
spin c -structure). 

The cap product of K*{0 C M) with [M]\q is analogously defined as the usual one, 
i.e., we get maps ■ D [M]| 0 : K*(0 C M) — » C M). Now we have to argue 

why we get commutative squares between the Mayer-Vietoris sequences of uniform 
AT-t heory and uniform A'-homology using the cap product. This is known for usual 
A'-theory and A'-homology; see, e.g., [HROOt Exercise 11.8.11(c)]. Since the cap product 
is in our uniform case completely analogously defined (see the second-to-last display 


before Proposition 4.27), we may analogously conclude that we get commutative squares 


between our uniform Mayer-Vietoris sequences. 
Let us summarize the above results: 


Lemma 4.37. Let the subsets Uj, Uk of M for 1 < j,K < N be as in Lemma f.33 
Then we have corresponding Mayer-Vietoris sequences 

Kq{U k U U k+1 C M)- > Kq(U k CM)® Kf(U k+ i CM) -> Kf{U K n U k+1 C M) 


K?(Uk n U k+1 C M) 4- Kf(U K C M) ® Kf(U k+1 C M) < - Kf{U K U U k+l C M) 


and the cap product gives the following commutative diagram: 


K*{Uk n U k+1 C M)-> K*{U k U U k+1 C M)-> K*(U k CM)© K*{U k+1 C M) 

K*_,{U k n U k+1 CM)-> K^SUk U U k+1 CM)-> RZ.^Uk CM)© A-_*(f4 +1 C M) 


(We have suppressed the index shift due to the boundary maps in the latter diagram.) 

Let us begin the proof of Poincare duality. First we invoke Lemma 433] to get subsets 
Uj for 1 < j < N. 
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The induction starts with the subsets U\, U 2 and U\ D U 2 , which are collections 
of uniformly discretely distributed open balls, resp., in the case of U\ D U 2 it is a 
collection of intersections of open balls, which is homotopy equivalent to a collection 
of uniformly discretely distributed open balls by a uniformly cobounded, proper and 
Lipschitz homotopy. Now uniform id-theory of a space coincides with the uniform 
id-theory of its completion, and furthermore, uniform id-theory is homotopy invariant 
with respect to Lipschitz homotopies. So the uniform id-theory of a collection of open 
balls is the same as the uniform id-theory of a collection of points. This groups we have 


already computed in Lemma 4.4 


Uniform id-homology is homotopy invariant with respect to uniformly cobounded, 
proper and Lipschitz homotopies (see Theorem 3.26), and for totally bounded spaces it 
coincides with usual id-homology (see Proposition 3.7). So we have to compute uniform 
id-homology of a collection of uniformly discretely distributed open balls. Note that 
we have already computed the uniform id-homology of uniformly discretely distributed 


points in Lemma 3.17 


Lemma 4.38. Let M be an m-dimensional manifold of bounded geometry and letU C M 
be a subset consisting of uniformly discretely distributed geodesic balls in M having radius 
less than the injectivity radius of M (i.e., each geodesic ball is diffeomorphic to the 
standard ball in Euclidean space W 71 ). Let the balls be indexed by a set Y. 

Then we have K^iJJ C M) = OffjfY), the group of all bounded, integer-valued sequences 
indexed by Y, and K p (U C M ) = 0 forp 7 ^ m. An analogous statement holds for uniform 
K-homology. 


Proof. The proof is analogous to the proof of Lemma |3.17| It uses the fact that for an 
open Ball O C we have K m (0 C M m ) = Z, and K p (0 C M m ) = 0 for p 7 ^ m. □ 


Now we can argue that cap product is an isomorphism K*(U C M ) = C M), 

where U is as in the above lemma. For this we have to note that if M is a spin c manifold, 
then the restriction of its complex spinor bundle to any ball of U is isomorphic to the 
complex spinor bundle on the open ball O C M m . This means that the cap product on U 
coincides on each open ball of U with the usual cap product on the open ball O C M m . 
This all shows that we have Poincare duality for the subsets U\, U2 and U\ D U2 (note 
that U\ fl U 2 is homotopic to a collection of open balls). 

With the above Lemma 4.37 we therefore get with the five lemma that the cap product is 
also an isomorphism for Ui U t/ 2 . The rest of the proof proceeds by induction over k (there 
are only finitely many steps since we only go up to k — N — 1), invoking every time the 
above Lemma [4.37 and the five lemma. Note that in order to see that the cap product is 
an isomorphism on Ux^Uk+i, we have to write Ux^Uk+i = ( UiDUk+i )U.. .U(L4n[4+i). 
This is a union of k geodesically convex open sets and we have to do a separate induction 
on this one. 
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5 Index theorems for uniform operators 

In this section we will assemble everything that we had up to now into our uniform 
index theorems. For this we will first have to define the uniform de Rham (co-)homology 
theories that will serve as receptacles for the index classes of our operators (the uniform 
homological Chern character of a uniform, abstractly elliptic operator will give us its 
analytic index class and uniform de Rham cohomology will receive the topological index 
classes of elliptic uniform pseudodifferential operators). After a small detour into the 
world of the Chern character isomorphism theorem we will then finally prove the uniform 
index theorems. 

5.1 Cyclic cocycles of uniformly finitely summable modules 

The goal of this section is to construct the uniform homological Chern character maps 
from uniform K -homology A'“(M) of M to continuous periodic cyclic cohomology 
HP* on ^ (IF 00 ’ 1 ( M )) of the Sobolev space W^M). 

First we will recall the definition of Hochschild, cyclic and periodic cyclic cohomology 
of a (possibly non-unital) complete locally convex algebra The classical reference 
for this is, of course, Connes’ seminal paper |Con85| . The author also found Khalkhali’s 
book |Khal3| a useful introduction to these matters. 

Definition 5.1. The continuous Hochschild cohomology HH* ont (A ) of A is the homology 
of the complex 

C° coa M) ^ Cl ont (A) ^ , 

where C™ ont (A) = Hom(A®^ n+1 \ C) and the boundary map b is given by 

n 

{bip) (do; • • • ; dn+l) = ^ ^ ( 1) fyj(o0) • • • 1 O'iO'i+l ) • • • j ®n+l)T 

i =0 

+ (—l) n+1 <£>(a n+ iao, ai,..., a n ). 

We use the completed projective tensor product (8) and the linear functionals are assumed 
to be continuous. But we still factor our only the image of the boundary operator to 
define the homology, and not the closure of the image of b. 

Definition 5.2. The continuous cyclic cohomology HC* ont (A ) of A is the homology of 
the following subcomplex of the Hochschild cochain complex: 

where C^ cont (A) = {g> 6 C? ont (A): ip(a n , a 0 ,..., a„_i) = (-l)>(ao, ai,..., a n )}. 


71 We consider here only algebras over the field C. Furthermore, we assume that multiplication in A is 
jointly continuous. 


75 







There is a periodicity operator S: HC™ ont (A) —> HC™^(A). For the tedious definition 
of it on the level of cyclic cochains we refer the reader to [ Con85 . Lemma 11 on p. 322], 
Note that we have to use slightly different normalizations constants for S due to the fact 
that we want S still to be compatible with the Chern-Connes character (to be defined in 
a moment) for which we use slightly different normalizations constants as Connes does. 

Definition 5.3. The continuous periodic cyclic cohomology HP* ont (A) of A is defined as 
the direct limit 

HP; m (A) = lmj HC’+S'0 1) 

with respect to the maps S. 

Let ( H , p, T) be a graded uniform Fredholm module over M and denote by e the grading 
automorphism of H. Furthermore, assume that ( H,p,T ) is involutive and uniformly 
p-sunnnable, i.e., supy ei _ Lipi? ( M ) ||[T, p(f)]\\ p < oo for the Schatten p-norm ||.|| p . 

Having such a module at hand we define for all m with 2 m + 1 > p a cyclic 2m-cocycle 
on hF°°’ 1 (M), i.e., on the Sobolev space of infinite order and AMntegrability, by 

1 7771 

ch p, T)(h, .... f 2m ) := — tr (eT[T, /„]••• [T, /*,)). 

We have the compatibility S o ch 0 2 "' = ch 0,2m+2 and therefore we get a map 

ch°: Kq(M) —> HP® ont (VF 00 ’ 1 (M)). 

The dashed arrow indicates that we do not know that every uniform, even A'-homology 
class is represented by a uniformly finitely summable module, and we also do not know if 
the map is well-defined, i.e., if two such modules representing the same K -homology class 
will be mapped to the same cyclic cocycle class. For spin c manifolds the first mentioned 
problem is solved by Poincare duality which states that every uniform A'-homology class 
may be represented by the difference of two twisted Dirac operators (which are uniformly 
finitely summable). But the second mentioned problem about the well-definedness is 
much more serious and will only be solved by the local index theorem. We will state the 
resolution of this problem in Corollary |5.21| 

Given an ungraded, involutive, uniformly p-summable Fredholm module ( H,p,T ), we 
define for all m with 2 m >pa cyclic (2m — l)-cocycle on W°° ,1 (Ad) by 

ch 1 ' 2 m - 1 (i/,p,T)(/o,...,/ 2m _ 1 ) = 

= (—l) m (27ri) m |(2rn - l)(2m - 3) • • • 3 • 1 tr (T[T, / 0 ] • • • [T, f^}). 
Again, this definition is compatible with the periodicity operator S and so defines a map 

ch 1 : HPl a (W~’\M)). 
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5.2 Uniform de Rham (co-)homology 

We will start with defining and discussing uniform de Rham homology and afterwards 
we will get to the bounded, resp. uniform, de Rham cohomology. 

Definition 5.4. The space of uniform de Rham p-currents is defined as the dual 

space of the Frechet space i.e., 

Q“(M) :=Hom(W 00 ’ 1 (fi p (M)),C). 

Since the exterior derivative d : —>• hF 00,1 (fl p+1 (M)) is continuous we get a 

corresponding dual differential 


d: Si“(M) -> ny,(M). 

The uniform de Rham homology with coefficients in C is defined as the 

homology of the complex 

...-±+ n“(M) -U ... n 0 (M) ->• o. 

Definition 5.5. We define a map a: C'c 0nt (hF 00 ’ 1 (Tf)) —» by 

a(v>){fodfi A ... A d /p) := “[ ( _ 1 )'VC/o, /<r(i), ■ • •, /*(?))• 

The antisymmetrization that we have done in the above definition of a maps Hochschild 
cocycles to Hochschild cocycles and vanishes on Hochschild coboundaries. This means 
that a descends to a map 


on Hochschild cohomology. 

Theorem 5.6. For any Riemannian manifold M of bounded geometry and without 
boundary the map a: FbHf^fW 00 ’ 1 ^)) —y (M) is an isomorphism for all p. 

Proof. The proof is analogous to the one given in |Con85l Lemma 45a on page 128] for 
the case of compact manifolds. We describe here only the places where we have to adjust 
it for non-compact manifolds. 

The proof in | lCon85| relies heavily on Lemma 44 there. First note that direct sums, 
tensor products and duals of vector bundles of bounded geometry are again of bounded 
geometry. Since the tangent and cotangent bundle of a manifold of bounded geometry 
have, of course, bounded geometry, the bundles occuring in Lemma 44 of [Con85] 
have bounded geometry. 

Since M is non-compact, there always exists a nowhere vanishing vector field on it. 
For the proof of |Con851 Lemma 44] to work we need that the vector field X constructed 
there is in C^°(E^), i.e., it and all its derivatives must be bounded in sup-norm. This 
can be achieved since M has bounded geometry. 
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Furthermore, we need the statement W°°’ 1 (M) <g) W°° ,1 (M) = x M). For 

this we refer to the answer (Micl4) of P. Michor on MathOverflow. 

The fact that the modules M.k = x M,Ek) are topologically projective, i.e., 

are direct summands of topological modules of the form A4' k = x M)<g>£k, 

where £p- are complete locally convex vector spaces, follows from the fact that every 
vector bundle F of bounded geometry is C'^-complemented, i.e., there is a vector bundle 
G of bounded geometry such that F © G is C£°-isomorphic to a trivial bundle with the 


flat connection. This is our Proposition 4.12 


With the above notes in mind, the proof of |Con85l Lemma 45a on page 128] for the 
case of compact manifolds works also for non-compact manifolds in our setting here. 
If there are constructions to be done in the proof we have to do them uniformly (e.g., 
controlling derivatives uniformly in the points of the manifold) by using the bounded 
geometry of M. iQl 

The inverse map (3: 0“(M) —>• HH^ ont (IF 00,1 (Ad)) of a is given by 
/3(C)(/o, /i, • • •, fp) — C(fodfi A ... A df p ). 


Now the proofs of Lemma 45b and Theorem 46 in |Con85| translate without change to 
our setting here so that we finally get: 


Theorem 5.7. Let M be a Riemannian manifold of bounded geometry and without 
boundary. 

For each n G No the continuous cyclic cohomology HC^ tnt (W°° ,1 (M)) is canonically 
isomorphic to 

Z u n (M) © ® Hf^f(AL) © ..., 

where Zf (M) c Q“(M) is the subspace of closed currents. 

The periodicity operator S: FdCf ont {W°°' 1 {M)) — > F[Cf ( ff(W 00 ’ 1 (M)) is given under 
the above isomorphism as the map that sends cycles of Zf(M) to their homology classes. 

And last, since periodic cyclic cohomology is the direct limit of cyclic cohomology, we 
finally get 

a. -. HPZ£*(W'°U.M)) A H^ id (M). 

We denote this isomorphism by a* since it is induced from the map a defined above. 


Let us now get to the dual cohomology theory to uniform de Rham homology. 

Definition 5.8 (Bounded de Rham cohomology). Let fl^(M) denote the vector space of 
p-forms on M, which are bounded in the norm 


INI := sup{|| 7 (x)|| + |M70)II}- 

x eM 

The bounded de Rham cohomology H£ dR (AL) is defined as the homology of the corre¬ 
sponding complex. 
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The Poincare duality map between bounded de Rham cohomology and uniform de 
Rham homology is defined as the map induced by the following one on forms: 

—>► D“_ p (M), 7 i-A (u i-)- f cuAy). 

J M 

Theorem 5.9 (De Rham Poincare duality). Let M m be an oriented Riemannian manifold 
of bounded geometry and without boundary. 

Then the Poincare duality map induces an isomorphism 




between bounded de Rham cohomology of M and uniform de Rham homology of M. 


Proof. We use the same idea as for the proof of Poincare duality in Section 4.4. The details 


that we do have a suitable Mayer-Vietoris sequence for bounded de Rham cohomology 
may be found in the author’s Ph.D. thesis |Engl4 , Section 5.6] and the arguments for 
uniform de Rham homology are similar. That the above defined Poincare duality map is 
a natural transformation from one Mayer-Vietoris sequence to the other may be proved 
analogously as in the case of compact manifolds; see, e.g., [Lee03l Exercise 16-6]. □ 


For proving that the Chern character (which we will discuss later in this section) induces 
an isomorphism modulo torsion, we will have to use a different model for bounded de 
Rham cohomology, namely uniform de Rham cohomology. 

Definition 5.10. The uniform de Rham cohomology H* dR (M) of a Riemannian mani¬ 
fold M of bounded geometry is defined by using the complex of uniform C'°°-space^] 
C£°(f2*(M)), i.e., differential forms on M which have in normal coordinates bounded 
coefficient functions and all derivatives of them are also bounded. 


Proposition 5.11. Let M be a manifold of bounded geometry and without boundary. 
Then we have 

“ iJ t * idR (M). 

Proof. We use a Mayer-Vietoris argument as in the proof of the uniform Ji-Poincare 
duality in Section |4.4[ The only thing to show here is that we do have such Mayer-Vietoris 
sequences for both the bounded and the uniform de Rham cohomology. 

We use for H£ dR (M) the spaces Q* (O C M) of bounded forms on the open subset 
O C M which have an extension to all of M. For this groups we have exactness of the 
short sequence 


o —>• n p b (u K u u k+1 c m) -a n p b (u K c m) © n p b (u k+1 c m) -> n p b (u K n u k+1 c m) -a o 


for the open subsets Uj and Uk of M from Lemma 4.33 (the non-trivial part in showing the 
exactness is the surjectivity of the last non-trivial map) and therefore we get corresponding 
Mayer-Vietoris sequences. 

For uniform de Rham cohomology it is even easier since here we automatically may 
extend uniform differential forms to all of M due to the boundedness of the coefficient 
functions and all their derivatives. □ 
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Theorem 5.12 (Existence of the uniform Chern character). Let M be a Riemannian 
manifold, of bounded geometry and without boundary. 

Then we have a ring homomorphism ch: K*(M ) —y H* dR (M) with 

ch (K° U (M)) C H™ dR (M) and ch(tfJ(M)) C H° U %(M). 


Proof. The Chern character is dehned via Chern-Weil theory. That we get uniform forms 
if we use vector bundles of bounded geometry is proved in [ Roe88al Theorem 3.8] and so we 
get a map ch: Jy°(M) —» H^f dR (M). That we also have a map ch: Kf(M) —> H° d dR (M ) 
uses the description of K^(M) as consisting of vector bundles over S 1 x M and a 
corresponding suspension isomorphism for uniform de Rham cohomology. Details (for 
bounded cohomology, but for uniform cohomology it is analogous) may be found in the 
author’s Ph.D. thesis |Engl4, Sections 5.4, 5.5]. □ 


5.3 Uniform Chern character isomorphism theorems 

We have constructed Chern characters K*(M) —> H* dR (M ) and Kf(M) —> Hf’ dR (M), 
where we already use Corollary 5.21 which states that the uniform homological Chern 
character is well-defined. In the compact case the Chern characters are isomorphisms 
modulo torsion and it is natural to ask the same question here in the uniform setting. It 
is the goal of this section to answer this question positively. 

The proofs use the same Mayer-Vietoris induction as the proof of Poincare duality in 
Section |4.4| Therefore we will discuss in this section only the parts of the proofs which 


need additional arguments. 

The most crucial detail to discuss is the statement of the theorem itself since we 
cannot just take the tensor product of the K -groups with the complex numbers to get 
isomorphisms, but we additionally have to form a certain completion. We will discuss 
this completion directly after the statement of the theorem. 


Theorem 5.13. Let M be a manifold of bounded geometry and without boundary. Then 
the Chern characters induce linear, continuous isomorphism 

K*(M) ® C ^ H* dR (M) and Kf(M) ®£ = H^ dR (M). 


Let us discuss why we have to take a completion at all. Consider the beginning of 
the Mayer-Vietoris induction where we have to show that the Chern characters induce 
isomorphisms on a countably infinite collection of uniformly discretely distributed points. 
Let these points be indexed by a set Y. Then the K -groups of Y are given by £^(Y), the 
group of all bounded, integer-valued sequences indexed by Y , and the de Rham groups are 
given by £°°(Y), the group of all bounded, complex valued sequences on Y. But since Y 
is countably infinite we have £%(Y) £°°(Y). Instead we have £^f{Y) ® C = £°°(Y). 

,3 The inverse maps are in general not continuous since H* dR (M), resp. are in general (e.g., 

if M is not compact) not Hausdorff. whereas K*(M){8 >C, resp. C, are. The topology on 

the latter spaces is defined by equipping the H-groups with the discrete topology and then forming 
the completed tensor product with C which will be discussed after the statement of the theorem. 
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To define the completed topological tensor product of an abelian group with C we will 
need the notion of the free (abelian) topological group : if A" is any completely regulaif^ 
topological space, then the free topological group F(X) on X is a topological group such 
that we have 

• a topological embedding X <-+ F(X) of X as a closed subset, so that X generates 
F(X) algebraically as a free group (i.e., the algebraic group underlying the free 
topological group on X is the free group on A), and we have 

• the following universal property: for every continuous map (j)\ X —> G, where G 
is any topological group, we have a unique extension $: F(X) —>■ G of 0 to a 
continuous group homomorphism on F(X): 


X c 

<t> 


—►f'PO 

/ 

/ 

/ 3!$ 


The free abelian topological group A(X) has the corresponding analogous properties. 
Furthermore, the commutator subgroup [F(X), F(X)] of F(X) is closed and the quotient 
F(X)/[F(X), F(X)\ is both algebraically and topologically A{X). 

As an easy example consider X equipped with the discrete topology. Then F(X) and 
A(X) also have the discrete topology. 

It seems that free (abelian) topological groups were apparently introduced by Markov 
in |Mar41] , But unfortunately, the author could not obtain any (neither russian nor 
english) copy of this article. A complete proof of the existence of such groups was given 
by Markov in [Mar45] . Since his proof was long and complicated, several other authors 
gave other proofs, e.g., Nakayama in |Nak43| . Kakutani in |Kak44j and Graev in |Gra48j . 

Now let us construct for any abelian topological group G the complete topological 
vector space G G> C. We form the topological tensor product G Cg> C of abelian topological 
groups in the usual way: we start with the free abelian topological group 4(G x C) over 
the topological space GxC equipped with the product topology^ and then take the 
quotient A{G x C)/A/" of it. 76 where J\f is the closure of the normal subgroup generated 
by the usual relations for the tensor product j^] Now we may put on G <g) C the structure 
of a topological vector space by defining the scalar multiplication to be A (g®r) := g®\r. 

What we now got is a topological vector space G <8> C together with a continuous 
map GxC-^G®C with the following universal property: for every continuous map 


,4 That is to say, every closed set K can be separated with a continuous function from every point x ^ K. 

Note that this does not necessarily imply that X is Hausdorff. 

75 Note that every topological group is automatically completely regular and therefore the product GxC 
is also completely regular. 

76 Since A(X) is both algebraically and topologically the quotient of F(X) by its commutator subgroup, 
we could also have started with F(G x C) and additionally put the commutator relations into A f. 

7 'That is to say, A f contains (51+32) x r — g± x r — 32 x r, g x (n +r2) — g x rq — g x T2 and zg x r — z{g x r), 
3 x zr — z(g x r), where 3,31,32 £ G, r,ri,r2 € C and zgZ. 
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0: G x C —» into any topological vector space and such that 0 is bilinear^ there 
exists a unique, continuous linear map $: such that the following diagram 

commutes: 


G x C- >G®C 


<t> 

V 


k 



Since every topological vector space may be completed we do this with G ® C to 
finally arrive at G <8> C. Since every continuous linear map of topological vector spaces 
is automatically uniformly continuous, i.e., may be extended to the completion of the 
topological vector space, G ® C enjoys the following universal property which we will 
raise to a definition: 


Definition 5.14 (Completed topological tensor product with C). Let G be an abelian 
topological group. Then G ® C is a complete topological vector space over C together 
with a continuous map G x C —» G<8>C that enjoy the following universal property: for 
every continuous map 0: G x C —> V into any complete topological vector space V and 
such that 0 is bilineal 79 , there exists a unique, continuous linear map $: G®C -)■ b 


such that the following diagram commutes: 


G x C- 


<t> 

V 


k 


3 !$ 


We will give now two examples for the computation of G 0 C. The first one is easy and 
just a warm-up for the second which we already mentioned. Both examples are proved 
by checking the universal property. 

Examples 5.15. The first one is Z®C = C. 

For the second example consider the group consisting of bounded, integer-valued 
sequences. Then i™ (g) C = £°°. 

Since we want to use the completed topological tensor product with C in a Mayer- 
Vietoris argument, we have to show that it transforms exact sequences to exact sequences. 

So we have to show that the functor G t —> G ® C is exact. But we have to be careful 
here: though taking the tensor product with C is exact, passing to completions is usually 
not—at least if the exact sequence we started with was only algebraically exact. Let us 
explain this a bit more thoroughly: if we have a sequence of topological vector spaces 


t/ v !fi±i v 

Vi - > Vi+i - > Vi+2 


which is exact in the algebraic sense (i.e., im pi = ker<£>j + i), and if the maps ipi are 
continuous such that they extend to maps on the completions Vi, we do not necessarily 


78 That is to say, </>(•, r ) is a group homomorphism for all r £ C and <j)(g, ■) is a linear map for all g £ G. 

Note that we then also have <fi{zg, r) = Z(f>(g, r) = (f>(g, zr) for all z £ Z, g £ G and r £ C. 

79 see Footnote 


78 
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get that 


Vi 


Vi , 


Vi 


Vi+1 


i +1 


V 


i+2 


is again algebraically exact. The problem is that though we always have ker pi = ker pi, 
we generally only get im pi D ini pi. To correct this problem we have to start with an exact 
sequence which is also topologically exact, i.e., we need that not only im pi = ker <^ i+1 , 
but we also need that pi induces a topological isomorphism V)/ ker p t = irn p t . 

To prove that in this case we get im pi = im pi we consider the inverse map 


A := <Pi 1 - im (fii ->• Vi/ ker p { . 


Since A is continuous (this is the point which breaks down without the additional 
assumption that pi induces a topological isomorphism V t / ker p % = im pf), we may extend 
it to a map 

A : im ipi ->■ V/ker (fi = V/kerpi, 

which obviously is the inverse to pi: Vi/kerpi —> im pi showing the desired equality 
im tpi = im pf. 

Coming back to our functor G K G®C, we may now prove the following lemma: 


Lemma 5.16. Let 

. /~i Vi Vi +1 ^1 

■ ■ ■ - r U-j - f (_T i+1 - f Lr i+ 2 - t ■ ■ ■ 

be an exact sequence of topological groups and continuous maps, which is in addition 
topologically exact, i.e., for all i e Z the from p>i induced map Gi/ker ipi —> im p % is an 
isomorphism of topological groups. 

Then 

... —> Gi <E> C —> Gj+i <E> C —y Gi+2 <E> C —> ... 

with the induced maps is an exact sequence of complete topological vector spaces, which 
is also topologically exact. 


Proof. We first tensor with C (without the completion afterwards). This is known to be 
an exact functor and our sequence also stays topologically exact. To see this last claim, 
we need the following fact about tensor products: if ip: M —> M' and N —y N' are 
surjective, then the kernel of p ® : M ® M' —y N ® N' is the submodule given by 


ker ((p <g> -0) = {l m ® l)((ker ip) (g) N) + (1 (g) ln){M <g) (ker-0)), 


where Lm '■ kerp —> M and Ln ■ kerf) —> N are the inclusion maps. We will suppress the 
inclusion maps from now on to shorten the notation. 

We apply this with the map p: M —> M' being the quotient map Gi —> Gi/ker pi and 
if: N —* N' being the identity id: C —> C to get 


ker (pi g) id) = (ker<^) g C. 

Since we have (im p^ g C = im( p % g id), we get that p g id: G* g C —» Gi g C induces an 
algebraic isomorphism (Gj/ker<^j) g C — >• im pi g C. But this has now an inverse map 
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given by tensoring the inverse of Gi/kenpi —y im tpi with id: C —> C. So the isomorphism 
(Gi/ ker (fi) © C = im ipi © C is also topological. 

Now we apply the discussion before the lemma to show that the completion of this 
new sequence is still exact and also topologically exact. □ 


To show K*(M) © C = H* dR (M ) it remains to construct Mayer-Vietoris sequences 
with continuous maps in them (we need this since in constructing the completed tensor 
product with C we have to pass to the completion of the spaces and without continuity 
of the maps in both the Mayer-Vietoris sequences for uniform K -theory and for uniform 
de Rham cohomology we would not be able to conclude that the squares are still 
commutative). If we recall from the proof of Proposition 5.11 how we get the boundary 
maps in the Mayer-Vietoris sequence for uniform de Rham cohomology, we see that we 
must construct a continuous split to a certain surjective map. That this is possible is 
content of the following lemma and the proof uses the boundedness of the coefficient 
functions of uniform forms and all their derivatives. 


Lemma 5.17. The sequence 

o c?(n p {u K u u k+1 )) C?(W(U K )) © G 6 °°(fF(v fc+1 )) _► cz°(n p (u K n u k+1 )) o 

is exact by a continuous split 

c^°(n p (u K n u k+1 ) cs°(n(u K )) © cz°(W(u k+1 )). 


So we get a Mayer-Vietoris sequence with continuous maps for uniform de Rham 
cohomology as needed. Now we have to discuss the existence of the Chern character 
K*(0 C M) —>■ H* dR (0). Recall from Definition 4.34 that we defined K*(0 C M) as 


K-*{C u {0 , d)), where (0,d) is the metric space 0 equipped with the subspace metric 
derived from the metric space M. But for the definition of the Chern character we have 
to pass to a smooth subalgebra of C u (0, d ). This will be of course C£°(0) C C u (0, d ), 
which is a local C* -algebra. It remains to argue why it is a dense subalgebra, because 
the argument from the proof of Lemma 4.7 does not work for O. So let / € C u (0, d) be 
given. Then we know from Lemma 4.35 that there is a bounded, uniformly continuous 
extension F of / to all of M. And now we use Lemma 4.7 to approximate F by functions 
from which will give us by restriction to O an approximation of / by functions 

from C£°(0). So we get an interpretation of K*(0 C M) by vector bundles of bounded 
geometry over O and may define the Chern character K*(0 C M) —> H* dR (0). 

The last thing that we have to discuss is the small ambiguity in extending the maps 
K*(0 C M) ® C —> H* dR (0) to K*(0 C M) © C. It occurs because the target H* dR (0) 
is not necessarily Hausdorff. What we have to make sure is that the extensions we choose 
in the Mayer-Vietoris argument for the subsets U k , resp. Uk , do match up, i.e., produce 
at the end commuting squares in the comparison of the two Mayer-Vietoris sequences 
via the Chern characters. 

So we have finally discussed everything that we need in order to prove 


k;xm)®c = h: ar (m). 
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Proving the homological version iL“(M) <§) C = P“’ dR (M) is also such a Mayer-Vietoris 
argument. But for spin c manifolds there is an easier argument by combining the coho- 
mological result K*(M ) ® C = H* m [M ) with Theorem 5.18|by noting that taking the 


wedge product with i nd( I)) is an isomorphism on bounded de Rham cohomology, and 
furthermore using Poincare duality between uniform JL-theory and uniform /l-homology 
(Theorem 4.28), resp., between bounded de Rham cohomology and uniform de Rham 
homology (Theorem 5.9). 


5.4 Local index formulas 


In this section we assemble everything that we had up to now into local index theorems. 

Let M be a Riemannian manifold without boundary. We denote by DM the disk 
bundle {£ G T*M : ||£|| < 1} of its cotangent bundle and by SM = dDM its boundary, 
i.e., SM = {£ G T*M : ||£|| = 1}. If M has bounded geometry, we may equip DM with 
a Riemannian metric such that it also becomes of bounded geometry|* d ] and DM —> M 
becomes a Riemannian submersion. It follows that SM will also have bounded geometry. 
What follows will be independent of the concrete choice of metric on DM. Though we 
have discussed in Section [4] only uniform K -theory for manifolds without boundary, one 
can of course define more generally relative uniform JL-theory and discuss it for manifolds 
with boundary and of bounded geometry. 

Let P G UTDO^P) be a symmetric, elliptic and graded pseudodifferential operator. 


Recall from Definition 2.35 of ellipticity that the principal symbol er(P + ), viewed as a 
section of Kom(n*E + , n*E~) —> T*M , where n: T*M —>• M is the cotangent bundle, is 
invertible outside a uniform neighbourhood of the zero section M <ZT*M and satisfies a 
certain uniformity condition. Then the well-known clutching construction gives us the 
following symbol class of P: 

a P ■= [ME + ,ME~-,a(P)} G K° U {DM,SM). 


If P is ungraded, then its symbol cr(P): ME —>■ ME, where n: SM —>■ M denotes 
now the unit sphere bundle of M , is a uniform, self-adjoint automorphism. So it gives a 
direct sum decomposition ME = E + © E ~, where E + and E~ are spanned hberwise by 
the eigenvectors belonging to the positive, resp. negative, eigenvalues of cr(P), and we 
get an element 

[£ + ] e K"(SM). 

Now we define in the ungraded case the symbol class of P as 

cr P := 5[E + } G K l u (DM,SM ), 


where 5: K®(SM) —> K^(DM, SM) is the boundary homomorphism of the 6-term exact 
sequence associated to ( DM , SM). References for this construction in the compact case 
are, e.g., |BD82i Section 24] and [ APS76 :. Proposition 3.1]. 


S0 Though we do not have defined bounded geometry for manifolds with boundary, there is an obvious 
one (demanding bounds not only for the curvature tensor of M but also for the second fundamental 
form of the boundary of M, and demanding the injectivity radius being uniformly positive not only 
for M but also for dM with the induced metric). See [ SchOl for a further discussion. 
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Applying the Chern character and integrating over the fibers we get in both the graded 
and ungraded case 7n chap e H£ dR (M) and then the index class of P is defined as 

n(n+l) _ 

ind(P) := (—1) 2 7ri chap A Td (M) e H^ dK (M), 


where n = dim M. 

Let M be a spin c manifold of bounded geometry and let us denote by D the Dirac 
operator associated to the spin c structure of M. Note that it is m-multigraded, where m 
is the dimension of the manifold M, and so defines an element in A'^(M). Therefore cap 
product with D is a map K*(M) — y K^^M), which is an isomorphism (as we have 
shown in Section 4.4). We also have Poincare duality H£ dR (M) —> and the 


content of our local index theorem for uniform twisted Dirac operators is to put these 
duality maps into a commutative diagram using the homological Chern character on the 
right hand side and on the cohomology side the index class of the twisted operator. 


Theorem 5.18 (Local index theorem for twisted uniform Dirac operators). Let M be 
an m-dimensional spin c manifold of bounded geometry and without boundary. Denote 
the associated Dirac operator by D. 

Then we have the following commutative diagram: 




ch(-)Aind(D) 


o*och* 




Proof. This follows from the calculations carried out by Connes and Moscovici in their 
paper |CM90l Section 3] by noting that the computations also apply in our case where we 
have bounded geometry and the uniformity conditions. Note that there the cyclic cocycles 
are defined using expressions in the operators e~ tD . To translate to the definition of the 
homological Chern character that we use, see, e.g., (GBVFOOl Section 10.2], □ 


Remark 5.19. The uniform homological Chern character a* o ch*: AT“(M) — 
is a priori not well-defined (to be more precise, it is defined on uniformly finitely summable 
Fredholm modules and it is a priori not clear whether it descends to classes and even 
whether every class may be represented by a uniformly finitely summable module). But 
using Poincare duality between uniform A'-homology and uniform A'-theory and the 
above local index theorem, we see that it is a posteriori well-defined for spin c manifolds. 
Note that since D is a Dirac operator, it defines a uniformly finitely summable Fredholm 
module, and therefore also all its twists given by taking the cap product with uniform 
A'-theory classes are uniformly finitely summable. 

That the uniform homological Chern character is well-defined for every manifold M of 


bounded geometry is content of Corollary 5.21 


Let P € UTDO fc (A) be a symmetric and elliptic pseudodifferential operator (graded 
or ungraded). We have a uniform A'-homology class [P] € Kf (M ) by Theorerr|3.36 and 
















therefore, if P is in addition uniformly finitely summable, we may compare the homology 
class (ct* och*)(P) G Hfi dR (AL) with ind(P) G Hf dR (AL) using the Poincare duality map 
(which is now not necessarily an isomorphism since we do no longer assume that M is 
orientable). That they are equal is the content of the next theorem. 


Theorem 5.20 (Local index formula for uniform pseudodifferential operators). Let M be 
a Riemannian manifold of bounded geometry and without boundary. Let P G U\I/DO A (P) 
be a symmetric and elliptic pseudodifferential operator of positive order acting on a vector 
bundle E —>• M of bounded geometry, and let P be uniformly finitely summabl^ \ 

Then ind(P) G H£ dR (M) is mapped by the duality map H£ dR (M) —» Hf ,dR (M) to the 
class (a* o ch*)(P) G Hf dR (M). 


Proof. This follows from Theorem 5.18 by the same sequence of reduction steps as in the 
proof of [CM901 Theorem 3.9]: first we pass to the orientation cover of M, then we take 
a suitable product with S 1 if M is odd-dimensional, and at last we use the fact that for 
orientable, even-dimensional manifolds uniform K -homology is spanned modulo 2-torsion 
by generalized signature operators. This last fact will follow from Theorem 5.23 □ 


Corollary 5.21. The uniform homological Chern character 


a * o ch*: Kf(M) Hfi dR (M) 


is well-defined for every manifold M of bounded geometry and without boundary. 


Proof. If M is spin c we know by Poincare duality that every class [x] G Kf(AL) may 
be represented by a uniformly finitely summable Fredholm module and by the above 
Theorem 5.20 we conclude that (a* o ch*)([x]) is independent of the concrete choice of 


such a representative. (This was already mentioned in Remark 5.19.) 

If M is not spin c we have to use the same sequence of reduction steps as in the proof 
of Theorem 15.201 □ 


Remark 5.22. The condition in the above Theorem 5.20 that P has to be uniformly finitely 
summable may actually be dropped. The statement then would be that (ct* o ch*) ([P]) 
is the dual of the class ind(P) G H£ dR (M). This makes sense since we now know that 
the uniform homological Chern character Kf(AL) —$■ Hf ,dR (M) is well-defined. But the 
problem now is that in order to compute (ct* o ch*) ([P]) we would have to replace P by 
some other operator P' which defines the same uniform il-homology class as P but which 
is uniformly finitely summable (so that we may compute the Chern-Connes character). 
This seems to be a task which is not easily carried out in practice. 

Connes and Moscovici work in [CM90j with so-called 6-summable Fredholm modules 
which are more general than finitely summable modules. So defining an appropriate 
version of uniformly 6-summable Fredholm modules we could certainly prove the above 


Theorem |5.20| for them and therefore weakening the condition on P that it has to be 
uniformly finitely summable. 


81 This means that P defines a uniformly finitely summable Fredholm module, i.e., y(P) is uniformly 
finitely summable for some normalizing function y. 
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Let us state now the Thom isomorphism theorem in the form that we need for the 
proof of the above Theorem |5.20 

Theorem 5.23 (Thom isomorphism). Let M be a Riemannian spin c manifold of bounded 
geometry and without boundary. 

Then the principal symbol of the Dirac operator associated to the spin c structure of M 
constitutes an orientation class for Kf(DM, SM), i.e., it implements the isomorphism 
K*(M) = K*(DM, SM). 

If M is only oriented (i.e., not necessarily spin c ) and even-dimensional, the principal 
symbol of the signature operator of M constitutes an orientation class modulo 2-torsion. 


Proof. The usual proof as found in, e.g., [LM89. Appendix C], works in our case anal¬ 
ogously. Note that for the proof of [ LM891 Theorem C.7] we have to cover M by such 
subsets as we used in our proof of Poincare duality (see Lemma 4.33) since only in this 
case we have shown that we have a Mayer-Vietoris sequence for uniform A'-theory. □ 


In |CM90 . Theorem 3.9] the local index theorem was written using an index pairing 
with compactly supported cohomology classes. We can of course do the same also here 
in our uniform setting and the statement is at first glance the sanicp^] But the difference 
is that due to the uniformness we have an additional continuity statement. 


Corollary 5.24. Let (p\ 6 Hf dR (M) be a compactly supported cohomology class and 
define the analytic index ind^j(P) as in ' t CM9(fj . 83 


Then we have 


ind[ ¥ ,](P) = / ind(P) A 

J M 


and this pairing is continuous, i.e., / M ind(P) A [<p] < || ind(P)|| 0O • |||[^]||i, where ||- 
denotes the sup-seminorm on and ||-||i the L 1 -seminorm on H^ dR (M). 


Remark 5.25. Though it may seem that the above corollary is in some sense equivalent 
to Theorem 5.20. it is in fact not. It is weaker in the following way: in the case of a 
non-compact M (the case of interest in this paper) the bounded de Rham cohomology 
H£ dR (M) usually contains elements of seminorm = 0 and due to the bounded of the 
above pairing we see that we can not detect those elements by that pairing. 


5.5 Index pairings on amenable manifolds 

In the last section we proved the local index theorems for uniform operators. The goal 
of this section is to use these local formulas to compute certain global indices of such 
operators over amenable manifolds. 

82 Remember that we have another choice of universal constants than Connes and Moscovici, i.e., in 
our statement they are not written since they are incorporated in the definition of the homological 
Chern character. 

83 Note that indr^i (P) is analytically defined and may be computed (up to the universal constant that 
we have incorporated into the definition of a* och*) as ((a* o ch*)(P), [y]), where (•, •) is the pairing 
between uniform de Rham homology and compact supported cohomology. 

















So in this section we assume that our manifold M is amenable , i.e., that it admits a 
F 0 lner sequence. We will need such a sequence in order to construct the index pairings. 


Definition 5.26 (Fpluer sequences). Let M be a manifold of bounded geometry. A 
sequence of compact subsets (Mfji of M will be called a F0lner sequenc^\ if for each 
r > 0 we have 

vol B r {d Mi) i—FDO 
vol Mi 

A Fqlner sequence (M*)* will be called a Fqlner exhaustion , if {Mf)i is an exhaustion, 
i.e., Mi C M 2 C ... and [_} i Mi = M. 


Note that if M admits a Fplrier sequence, then it is always possible to construct a 
Fplner exhaustion for M (the author did this construction in its full glory in his thesis 
|Engl4] Lemma 2.38]). 

For example, Euclidean space R m is amenable, but hyperbolic space HI ” 1 - 2 not. Fur¬ 
thermore, if M has subexponential volume growth^ then M is amenable (this is proved 
in |Roe 88 al Proposition 6.2]). Note that the converse to this last statement is wrong, 
i.e., there are examples of amenable spaces with exponential volume growth. Further 
examples of amenable manifolds arise from the theorem that the universal covering M of 
a compact manifold M is amenable (if equipped with the pull-back metric) if and only if 
the fundamental group 714 (M) is amenable (this is proved in |Bro SB). 

Let M m be a connected and oriented manifold of bounded geometry. Then there is 
a duality isomorphism H™ dR (M) = MQ f (M;R), where the latter denotes the uniformly 
finite homology of Block and Weinberger. This isomorphism is mentioned in the remark 
at the end of Section 3 in |BW92] and proved explicitely in |Why01[ Lemma 2.2] j^] Since 
we have the characterization |BW92l Theorem 3.1] of amenability stating that M is 
amenable if and only if H^(M) ^ 0 , we therefore also have a characterization of it via 
bounded de Rham cohomology. We are going to discuss this now a bit more closely. 

First we introduce the following notions: 


Definition 5.27 (Closed at infinity, |Sul761 Definition II.5]). A Riemannian manifold 
M is called closed at infinity if for every function / on M with 0 < C~ l < f < C for 
some C > 0, we have [/ ■ dM] ^0e HJf dR (M) (where dM denotes the volume form of 
M and m = dim M). 


Definition 5.28 (Fundamental classes, [ Roe 88 ai Definition 3.3]). A fundamental class 
for the manifold M is a positive linear functional 9: Q™(M) — y R such that 9{dM) 0 

and 9 o d = 0 . 


84 In | !Roe88a[ Definition 6 . 1 ] such sequences were called regular. 

85 This means that there exists a point x 0 £ M such that for all p > 0 we have e~ pr vol(B r (a;o)) 0 . 

86 Alternatively, we could use the Poincare duality isomorphism H^ dR (M) = H^_fM ; K) which 
is proved in [ AB 98 ', Theorem 4 ], where denotes simplicial L°°-homology and M is 

triangulated according to Theorem 4.31 and then use the fact that //g° (M; K) = (M;R) under 

this triangulation (for this we need the assumption that M is connected). 




























If we are given a F 0 lner sequence for M, we can construct a fundamental class for M 

^ But admitting a fundamental 

But 


out of it; this is done in [ Roe 88 al Propositions 6.4 & 6.5 

class implies that M is closed at infinity^ This means especially !L™ dR (M) 7 ^ 0 
since this is isomorphic to we conclude that the latter does also not vanish. 

So M is amenable, i.e., admits a Fplner sequence, and so we are back at the beginning of 
our chain. Let us summarize this: 


Proposition 5.29. Let M be a connected, orientable manifold of bounded geometry. 
Then the followmg are equivalent: 

• M admits a Fplner sequence, 

• M admits a fundamental class and 

• M is closed at infinity. 

We know that the universal cover M of a compact manifold M is amenable if and only 
if 7 Ti(M) is amenable. If this is the case, then we may construct fundamental classes that 
respect the structure of M as a covering space: 

Proposition 5.30 (| Roe 88 a . Proposition 6 . 6 ]). Let M be a compact Riemannian mani¬ 
fold, denote by M its universal cover equipped with the pull-back metric, and let 7Ti(M) 
be amenable. 

Then M admits a fundamental class 9 with the property 


9[ti* 01 ) = a 

J M 

for every top-dimensional form a on M and where n: M —>■ M is the covering projection. 

At last, let us state just for the sake of completeness the relation of amenability to the 
linear isoparametric inequality. 

Proposition 5.31 ( jGroSlbl Subsection 4.1]). Let M be a connected and orientable 
manifold of bounded geometry. 

Then M is not amenable if and only ifvol(R) < C ■ vol (dR) for all R C M and a fixed 
constant C > 0. 


We can also detect amenability of M using the AT-theory of the uniform Roe algebra 
C'*(F) of a quasi-lattice F C M, 89 Recall that one possible definition for the uniform Roe 


algebra (7*(r) is the norm closure of the *-algebra of all finite propagation operators in 
23(f? 2 (r)) with uniformly bounded coefficients. 


87 If (Mf)i is a F 0 lner sequence, then the linear functionals 9i(a) := vol 1 fl/ f M a are elements of the dual 
of fip(M) and have operator norm = 1. Now take 6 as a weak-* limit point of (0j)i- The Fplner 
condition for (AL)i is needed to show that 9 vanishes on boundaries. 

88 Just use the positivity of the fundamental class 9: 9{f ■ dM ) > 0(C _1 • dM) = C -1 • 9(dM) 7 ^ 0. 
89 see Definition 3.14 
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Proposition 5.32 ( |Ele97j ). Let M be a manifold, of bounded geometry and letT C M 
be a uniformly discrete quasi-lattice. 

Then M is amenable if and only if [1] fz [o] e it'o(C'*(r)) ; where [1] G K 0 (C*(T)) is a 
certain distinguished class. 

The reason why we stated the above proposition is that it introduces functionals on 
K 0 (C*{T)) associated to F0lner sequences that we will need in the definition of our index 
pairings. So let us recall Elek’s argument: Let (Tj)j be a Fplner sequence in T and 
let T G C*(r). Then we define a bounded sequence indexed by i by ^( 7 , 7 ). 

Choosing a linear functional r G (£°°)* associated to a free ultrafilter on Erjwe get a 
linear functional 6 on C'*(F). The Fqlner condition for (Fj), is needed to show that 9 is a 
trace, i.e., descends to A'o(C*(r)). Then 0([1]) = f and 0([O]) = 0 for the distinguished 
classes [1], [0] G /l 0 (C*(r)). 

Let us finally come to the definition of the index pairings that we are interested in. 

Definition 5.33. Let M be a manifold of bounded geometry, let {Mf)i be a Fplner 
sequence for M and let r G (T°°)* a linear functional associated to a free ultrafilter on N. 


Then we define for p — 0,1 an index pairing 


Denote the resulting functional on K 0 (C*(T)) by 9, where T C M is a quasi-lattice 
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by the formula 


(M, [y])e ■= 9(p u ([x\ n 


where p, u : Kf(M) —> K*(C*(T)) is the rough assembly map (see Section 3.5). 


If P is a graded, elliptic uniform pseudodifferential operator acting on a graded vector 
bundle E, then there is a nice way of computing the above index pairing of P with the 


trivial bundle [C] G K^(M): Recall from Corollary 2.45 that if / G d>(M) is a Schwartz 
function, then f(P) G U\I/D0 _0O (F), i.e., f(P) is a quasilocal smoothing operator. So by 
Proposition 2.14 it has a uniformly bounded integral kernel kf(p^(x,y) G C£°(E IE E*). 
Now we choose an even function / G <S(M) with /(0) = 1 and get a bounded sequence 


1 

vol Mi 



tr s kf(p)(x,x) dM(x ), 


where tr s denotes the super trace (recall that E is graded), on which we may evaluate r. 
This will coincide with the pairing ([C], P)g and is exactly the analytic index that was 
defined by Roe in |R,oe88a] for Dirac operators. For details why this will coincide with 
([C],P)e the reader may consult, e.g., the author’s Pli.D. thesis |Engl4 Section 2.8]. 

Let us now define the pairing between uniform de Rham cohomology and uniform de 
Rharn homology. So let /3 G C£°(Ll p (M)) and C G Q“(M), fix an e > 0 and choose for 


90 That is, if we evaluate r on a bounded sequence, we get the limit of some convergent subsequence. 
91 Note that here we first have to construct from the Fqlner sequence (Mf)i for M a corresponding 
Fqlner sequence (F*)* for T. 
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every M t C M from a F0lner sequence for M a smooth cut-off function ipi G Cf°(M) 
with j | Mi = 1, supp ipi C B e (Mi) and such that for all fceN 0 the derivatives are 
bounded in sup-norm uniformly in the index i. Then ifi/3 G W°° ,1 (Q P (M)) and therefore 
we may evaluate C on it. The sequence C(ipi/3) will be bounded and so we may 
apply r G (£°°)* to it. Due to the Fplner condition for (M t ) t this pairing will descend to 
(co-)homology classes. 

Definition 5.34. Let M be a manifold of bounded geometry, let ( M, ) i be a Folner 
sequence for M and let r G (0.°°)* a linear functional associated to a free ultrafilter on N. 

For every p G No we define a pairing 


by evaluating r on the sequence v J M C((pi/3), where (3 G H p dR (M ), C G Ff“ ,dR (M) and 
the cut-off functions ipi are chosen as above. 


Note that this pairing is, similar to the pairing from Corollary 5.24 continuous against 
the topologies on H* dR (M ) and on Hf dR (M). 

Recall that in the usual case of compact manifolds the index pairing for A'-theory and K- 
homology is compatible with the Chern-Connes character, i.e., ([x], [y]) = (ch([x]), ch([y])) 
for [x] G K*(M) and [y\ G K^(M). The same also holds in our case here. 


Lemma 5.35. Denote by ch: K*(M) —y H* dR (A4) the Chern character on uniform 
K-theory and by (a* o ch*): AT“(M) —>■ iL“ ,dR (M) the one on uniform K-homology. 
Then we have 

[y])g = (ch([x]), (a, O ch*)([y])) mi T 
for all [x] G K p (AT) and [y] G Kf(Al). 

The last thing that we need is the compatibility of the index pairings with cup and 
cap products. This is clear by definition for the index pairing for uniform A'-theory with 
uniform A'-homology, and for the pairing for uniform de Rham cohomology with uniform 
de Rham homology it is stated in the following lemma. 

Lemma 5.36. Let [f3\ G H p dR (AL), [ 7 ] G H^ dR (M) and [C] G Hp^(M). Then we have 


A [7]) [ C ])(Mi)i,T - ([/?], [7] n [C'])(Af i )i,- 


So combining the above two lemmas together with the results of Section 5.4 we finally 
arrive at our desired index theorem for amenable manifolds which generalizes Roe’s index 
theorem from |Roe88a| from graded generalized Dirac operators to arbitrarily graded, 
elliptic, symmetric uniform pseudodifferential operators. 


Corollary 5.37. Let AT be a manifold of bounded geometry and without boundary, let 
(Mj)j be a Fylner sequence for AL and let r G (£°°)* be a linear functional associated to 
a free ultrafilter on N. Denote the from the choice of Fylner sequence and functional t 
resulting functional on A'o(C'*(r)) by 6, where T C AL is a quasi-lattice. 
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Then for both p G {0,1} ; every [P] G Kf(M) for P a p-graded, elliptic, symmetric 
uniform pseudodifferential operator over M, and every u G Kf (M) we have 


(u, [P]) e = (ch(ti) A ind(P), [M]) {m . )u7 


Remark 5.38. The right hand side of the formula in the above corollary reads as 

t (—— [ ch(u) A ind(P) N ) 

VvolMj J M . V ; V ’) 

and this is continuous against the sup-seminorm on Hf dTi (M) with m = dim(M), i.e., 

(u, [P])e < || ch (u) A ind(P)|| 0O . 


So, again as in Remark |5.25 we see that with this pairing we can not detect operators P 
whose index class ind(P) G H bdR (M) has sup-seminorm = 0 in every degree. 

Note that it seems that from the results in |Sul76l Part II.§4] it follows that every 


element in of non-zero sup-seminorm may be detected by a Fplner sequence 

(i.e., the dual space H* bdR (M) of the reduced bounded de Rham cohomologjj^] is spanned 
by Fplner sequences). So the difference between the statement of the above corollary 
and Theorem |5.20| lies, at least in top-degree, exactly in the fact that Theorem |5.20 also 
encompasses all the elements of sup-seminorm = 0. 

Example 5.39. Let us discuss quickly an example that shows that we indeed may lose 
information by passing to the reduced bounded de Rham cohomology groups. Roe showed 
in |R,oe88bl Proposition 3.2] that if M m is a connected spin manifold of bounded geometry, 
then ( A(M ), [M ])... = 0 for any choice of Fplner sequence and suitable functional r if 
M has non-negative scalar curvature, and later Whyte showed in |Why01 Theorem 2.3] 
that A(M) = [0] G H™ dR (M) under these assumptions. So any connected spin manifold 

M of bounded geometry with A(M) A [0] G Pdff dR fM) but A(M) = [0] G H™ dR (M ) can 
not have non-negative scalar curvature, but this is not detected by the reduced group. 
In |Why0l] it is also shown how one can construct examples of manifolds whose A-genus 
vanishes in the reduced but not in the unreduced group. 


6 Final remarks and open questions 

In this final section we will comment on some questions that remained open, resp., arise 
out of the theory developed in this article. Most of them are of the form that one wants 
to generalize certain results known for compact manifolds to the uniform, non-compact 
setting, but the proofs used in the compact case to not immediately generalize. 

But there are also some questions remaining that are not of the above type like the 
comparison of the coarse and rough assembly map, or like the question whether quasilocal 
operators may be approximated by operators of finite propagation. 

92 Reduced bounded de Rham cohomology is defined as H bdR (M) := H bdR (M)/[ 0], i.e., as the Haus- 
dorffication of bounded de Rham cohomology. 
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6.1 Abundance of derivatives 


This is a remark similar to the analogous one in fRoe88b . Section 6.1]. We have been 
working here with manifolds and vector bundles of bounded geometry in the sense that 
the curvature tensor and all its derivatives must be bounded. But it seems that a lot of 
the results presented here do not need boundedness of all the derivatives. 

One can see this in the uniform (co-)homology theories that we introduced in this 
paper. Uniform A-theory may be either defined by using the C*-algebra of uniformly 
continuous functions C U (X) which makes sense on every metric space A", or by using 
where we now have high regularity. Bounded de Rham cohomology is isomorphic 
to uniform de Rham cohomology (here we have high regularity) and also isomorphic to 
A°°-simplicial cohomology when we triangulate M as a simplicial complex of bounded 
geometry using Theorem 4.31 (which is in itself an examples of the interplay between 
low regularity and high regularity, see Remark 4.32). And uniform de Rham homology is 
isomorphic to L°°-simplicial homology. 

On the other hand, we have given in this paper definitions of the Chern characters 
using only the high regularity pictures of the (co-)homology theories. But the author 
does not see how to give corresponding definitions in the other pictures which do not 
refer to smoothness. 


Question 6.1. How to define the uniform, Chern characters K*(L) —> Hf,(L) and 
Kf(L) —» H%°(L) for a sim.plicial complex L of bounded geometry equipped with the 
metric derived from barycentric coordinates? 


6.2 Geometric picture of uniform K -homology 

Baum and Douglas defined in | BD82 j a geometric version of AT-homology, where the 
cycles are spin c manifolds with a vector bundle over them together a map into the space. 
This geometric picture is quite important for the understanding of index theory and so 
the question is whether we also have something similar for uniform /T-homology. 

Question 6.2. Is there a geometric picture of uniform, K-homology that coincides with 
the analytic one on simplicial complexes of bounded geometry? 

A complete proof that geometric A"-homo logy coincides on finite CW-complexes with 
analytic A"-homology was given by Baum, Higson and Schick in [BHS07J. But this proof 
relies on a comparison of these theories with topological A'-homology, i.e., with the 
homology theory defined by the A'-theory spectrum. So their proof does unfortunately 
not generalize to our uniform setting; at least not directly. 


6.3 Comparing assembly maps and positive scalar curvature 

Analogous to the non-uniform setting, the rough assembly map p u : Kf(M) —y KfiCf{M)) 
provides obstructions against the existence of uniformly positive scalar curvature metrics, 
i.e., fj, u ([M]) = [0] e K m (C*(M )) if the manifold M m is spin and has uniformly positive 
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scalar curvature. This obstruction is a priori stronger than the one from the coarse 
assembly map, since the comparison map K*(C*(M)) —> K*{C*(M)) may not be injective. 


Question 6.3. Is there an example of a spin manifold M m of bounded geometry, such 
that fi u ([M]) ± [0] G K m {C*{M)), but fi([M}) = [0] G K m (C*(M)) ? 


6.4 Quasilocal operators and the uniform Roe algebra 

In the definition of uniform pseudodifferential operators we used for the (—oo)-part of 
them quasilocal smoothing operators, whereas the rough Baum -Corines assembly map 
goes into the K -theory of the uniform Roe algebra which is defined as the closure of the 
finite propagation operators with uniformly bounded coefficients. A priori the definition 
of quasilocal operators is more general than being in the closure of the finite propagation 
operators, but one is tempted to conjecture that the notions actually coincide, i.e., that 
every quasilocal operator is approximable by finite propagation ones. As far as the author 
knows this question is still open. Results concerning the interplay between large scale 
geometry of a metric space and certain properties of its uniform Roe algebra suggest that 
it might be necessary to add an additional assumption on the space (like having finite 
asymptotic dimension or Property A) in order to show equivalence of this two notions. 

Question 6.4. Defining the uniform Roe algebra to consist of the quasilocal operators 
with uniformly bounded coefficients, will it coincide with the usual definition, i.e., is every 
quasilocal operator approximable by finite propagation ones? Might it be that we need 
additional large scale geometric assumptions on the metric space in order for this to hold? 


The class of uniform pseudodifferential operators defined in this article is in the 
following sense connected to the above: assume that we would have defined this class in 
such a way that the (—oo)-part would be an operator which is in the Frechet closunp 3 ] of 
the finite propagation smoothing operators. Then the results of Section |2~4| would give a 
direct connection to the uniform Roe algebra. Indeed, we would then be able to conclude 
UTDO = UTDCT 1 ^) = where C*(E) is the uniform Roe algebra of E, 

i.e., the closure of the finite propagation, uniformly locally compact operators on E. So 
there would be some merit in defining uniform pseudodifferential operators due to this 
direct relation to the uniform Roe algebra, though of course we could also just change 
the definition of the uniform Roe algebra to quasilocal operators in order to relate it to 
the current definition of uniform pseudodifferential operators. 

But if we would do the above, i.e., changing the definition from quasilocal to approx- 
imable by finite propagation operators, there would be one piece of information missing 
that we do have by using quasilocal operators: Recall that in the analysis of uniform 
pseudodifferential operators Lemma 2.43 was the main technical ingredient which led, 
e.g., to Corollary 2.45 stating that if / is a Schwartz function, then f(P) G U4/DO” oc, (i?) 
for P an elliptic and symmetric pseudodifferential operator of positive order. But the 


93 That is to say, in the closure with respect to the family of norms (||■ ||||-* ||—where ||-1|_fc,i 
denotes the operator norm H~ k (E ) —» H l {E). 
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author does not know whether Lemma [2.43| would also hold for the changed definition, 
i.e., whether under the conditions of that lemma the operator e ltp would be approximate 
in the needed operator norm by finite propagation operators. 


Question 6.5. Does Lemma 2.f3 specialize to the statement that if the (— 00 )-part of 
P is in the Frechet closure of the finite propagation smoothing operators, then e ltP is 
approximable by finite propagation operators of order k in the operator norms || ■ \\ik,ik-k 
for all l G Z? 


6.5 Analysis of uniform pseudodifferential operators 

We know that the principal symbol map a k induces an isomorphism of vector spaces 
UTDO^^-F, F) = Symb fc- ^(i?, F) for all fceZ and vector bundles E, F of bounded 


geometry. For the case k = 0 and E = F we furthermore know from Proposition 2.23 
that U x 3/DO 0 ~W(-E') is a commutative algebra, and cr° will be an isomorphism of algebras. 

In the case that the manifold M is compact, it is known that cr° is continuous against 
the quotient norrrp] on and therefore cr° will induce an isomorphism of 

C*-algebras TDO °~W(E) = Symb°“ [11 (E). 

Question 6.6. Let M be a non-compact manifold of bounded geometry. Does a 0 induce 
an isomorphism of C*-algebras U\l/DO 0_ ^(i?) = Symb 0- ^(i£)? 

To show this we would have to compare the quotient norms on UTDO°~^(i7) and 
on Symb 0 ~^(i7). The first to prove similar results in the compact case were Seeley in 
[See65[ Lemma 11.1] and Kohn and Nirenberg in (KN65 . Theorem A.4], and two years 
later Hormander provided in |Hor671 Theorem 3.3] a proof of this for his class S® s with 
5 < p of pseudodifferential operators of order 0. Maybe one of these proofs generalizes to 
our case of uniform pseudodifferential operators on open manifolds. 


The main technical part in the proof of Theorem 3.36 that a uniform pseudodifferential 
operator defines a class in uniform Jl-homology was to show that the operator y(P) is 


uniformly pseudolocal for x a normalizing function. In Proposition 2.33 we have shown 
that pseudodifferential operators of order 0 are automatically uniformly pseudolocal. So 
if we could show that the operator y(-P) is a pseudodifferential operator of order 0, the 


proof of Theorem 3.36 would follow immediately. 


Question 6.7. Under which conditions on the function f (or the operator P) will be 
f(P) again a uniform pseudodifferential operator? 

For a compact manifold M there are quite a few proofs that under certain conditions 
functions of pseudodifferential operators are again pseudodifferential operators: the 
first one to show such a result was seemingly Seeley in |See67| . where he proved it for 
complex powers of elliptic classical pseudo differential operators. It was then extended by 


Strichartz in |Str72| from complex powers to symbols in the sense of Definition 2.47, and 


94 Which is induced from the operator norm on 'E'DO°(i?) C $ B(L 2 (if)). Since for M compact we have 
4'DO _1 (£’) = &(L 2 (E)), the quotient norm on tl/DO 0 ^ 1 ^(£7) is called the essential norm. 
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from classical operators to all of Hormander’s class S± Q (M). And last, let us mention the 
result |DS99I Theorem 8.7] of Dimassi and Sjostrand for h-pseudodifferential operators 
in the semi-classical setting. 

Now if we want to establish similar results in our setting, we get quite fast into trouble: 
e.g., the proof of Strichartz does not generalize to non-compact manifolds. He crucially 
uses that on compact manifolds we may diagonalize elliptic operators, which is not at all 
the case on non-compact manifolds (consider, e.g., the Laplace operator on Euclidean 
space). Looking for a proof that may be generalized to the non-compact setting, we 
stumble over Taylor’s result from |Tay81 Chapter XII|. There he proves a result similar 
to Strichartz’ but with quite a different proof, which may be possibly generalized to 
non-compact manifolds. An evidence for this is given by Cheeger, Gromov and Taylor 
in [ CGT821 Theorem 3.3], since this is exactly the result that we want to prove for our 
pseudodifferential operators, but in the special case of the operator \/— A, and their 
proof is a generalization of the one from the above cited book of Taylor. So it seems 
quite reasonable that we may probably extend the result of Cheeger, Gromov and Taylor 
to all pseudo differential operators in our sense. 

Let us briefly explain what this has to do with the geometric optics equation: this 
equation is treated by Taylor in iTaySL Chapter VIII| for a compact manifold M and it 
is one of the main ingredients in his proof that functions of pseudodifferential operators 
are again pseudodifferential operators. So if we want to extend Taylor’s result to our 
pseudodifferential operators on non-compact manifolds, we will first have to solve the 
geometric optics equation on them. Since this is probably in itself a more interesting 
problem than the one about functions of pseudodifferential operators, we get a strong 
motivation for executing the above discussed ideas. 

There might be also another approach to the above problem about functions of uniform 
pseudodifferential operators. In their articles [Bea77 j and [ Ueb 88 | Beals and Ueberberg 
gave characterizations of pseudodifferential operators via certain mapping properties of 
these operators from the Schwartz space to its dual. As a corollary they derived that the 
inverse, if it exists, of a pseudodifferential operator of order 0 is again a pseudodifferential 
operator. 


Question 6.8. Does there exists a similar characterization of uniform pseudodifferential 
operators on manifolds of bounded geometry as the one in !Bea77f and !Ueb88 l by Beals 
and Ueberberg? 


6.6 Index theorem on non-compact manifolds with boundary 

In the compact case there is a generalization of the Atiyah-Singer index theorem to 
manifolds with boundary involving the ^-invariant. This version of the index theorem 
for compact manifolds with boundary is called the Atiyah-Patodi-Singer index theorem 
and was introduced in [ APS75 ], 

Of course the question whether such a theorem may also be proven in the non-compact 
case immediately arises. 
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Question 6.9. Is there a version of the, e.g., global index theorem for amenable manifolds, 
for manifolds of bounded geometry and with boundary? What would be the corresponding 
generalization of the g-invariant? 


A nice prove of the index theorem for manifolds with boundary for Dirac operators was 
given by Melrose in |Mel93] . He invented the 6-calculus, a calculus for pseudodifferential 


operators on manifolds with boundary, and derived the Atiyah-Patodi-Singer index 
theorem from it via the heat kernel approach. So it would be desirable to extend his 
6 -calculus to open manifolds with boundary (in the same way as we extended the calculus 
of pseudodifferential operators to open manifolds in a fruitful way) and then prove the 
extension of the Atiyah-Patodi-Singer index theorem to manifolds with boundary and of 
bounded geometry. Note that Roe’s proof of his index theorem for open manifolds does 
also rely on the heat kernel approach, i.e., there is a real chance that we may generalize 
Melrose’s proof to open manifolds with boundary and of bounded geometry. 
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